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INTEODUCTIOT^. 



The Doctrine of limits is now very generally adopted as 
the basis of the Differential and Integral Calciilns. 

Of the methods 'wMch were formerly in nse it may be 
advantageons to the mathematical student to glance at some 
of the most prominent. 

By inscribing successively in a circle, regular polygons of 
four, eight, sixteen, thirty-two, &c. sides, we may at length 
suppose a polygon to be inscribed whose area shall be less 
than that of the circle by a quantity so small as to be unas- 
signable. In this manner the area of the drcle may be said 
to be exhcmHecL Hence, the method which was based upon 
this mode of operation was termed the Method of Ex- 
homstioTis, 

In the early paart of the sefventeenth century a work was 
publidlied, in which all quantity was assumed to be composed 
of dements so small that it would be impossible to dwide 
them. An infinite number of points in continued contact 
were suj^sed to form a line, an infinite number of lines to 
form a surface, and an infinite number of surfaces to form a 
solid. Now, since a line has magnitude, nainely, lengthy 
and a point has no magnitude, it is obvious that a line 
cannot properly be considered to be made up of a series of 



IV INTEODUCTION. 

points. The method founded upon these suppositions is 
consequently objectionable. CaTalerius, the inventor of it, 
called his work " Creometria Indivisibilibus ;" and hence this 
method was styled the Method of IndwisiMes, 

Sir Isaac Newton considered all quantity to be generated 
by motion ; a point in motion producing a line, a line in 
motion producing a sur£a.ce, and a 8ur£a.ce in motion pro- 
ducing a solid. This motion or flovji/ng of a point, a line, 
and a surface, gave rise to the i&rm&JhwrUa ojid Jkudana : 
the quantity generated by the motion being called theJhi£7U 
or flowing quantity, and the velocity of the motion, at any 
instant, the Jhucion of the quantity generated at that instant. 
The method founded upon these considerations has been 
long known as the Method of Fluxions* 

As applications of this method are continually met with 

in mathematical works, it may not be inappropriate to give 

a few instances of its notation^ compared with that proposed 

by Leibnitz, and now generally adopted by writers on the 

Differential Calculus : 

* » »» 

it, u, il, u, u, sin a?, {(^—1)"*}. 

duy d^u, d^Uy d^Uy d^Uy dwxWy d^{a^—iy*. 

The fluxional symbols in the first line are placed exactly 
over the corresponding differential symbols in the second. 

Leibnitz considered every magnitude to be made up of an. 
infinite number of infinitely small magnitudes. His mode of 
reasoning was as follows. Any quantity u consists of an infi- 
nite number of differentials, each equal to ph + gh^ + rh^ + <fec-> 
and h being infinitely small, each term in the series is infi- 
nitely less than the next preceding term, and consequently 
the sum of the terms after the first is infinitely less than 
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tliat first term. Hence ph is the only term necessary to be 
retained to represent the series. 

Lagrange, in his " Calcul des Fonctions," endeavoured to 
simplify the subject by rejecting the consideration of infi- 
nitely small differences and limits, referring the Differen- 
tial Calculus to a purely algebraic origin. He defined the 
differential of a quantity to be the first term of the series 
pk + qh^ + rh^ + &c. This is the foundation of his theory. 

Each of these methods has found numerous advocates 
among mathematicians, a fact which excites no surprise 
when we consider the extraordinary genius of the great men 
whose names are associated with the origin of these various 
and most interesting theories. 

In our own day several highly talented men have directed 
their attention to this subject, and it seems now to be very 
generally admitted that the method best adapted to ele- 
mentary instruction is that founded on* the Doctrine of 
Limits. 

Among the valuable works which have recently enriched 
this subject may be mentioned those of Whewell, Hall, 
O'Brien, De Morgan, Thomson, Young, Price, and Walton, 
in our own language, and Duhamel, Cauchy, Moigno, and 
Coumot, in the French. 

Let us suppose a certain magnitude u to be dependent 
for its value upon some va/riahle magnitude x, so that the 
value of u may be represented by some expression into which 
X enters, then m is a fimction of x, "We will assume, for 
instance, that w=ir*, and, in this simple example, supposing 
X to undergo a change of value, we will trace the corres- 
ponding effect produced upon the function u. 

Let X take the increment A, that is, let x change its value 
A 2 
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and become a^+h, then if we represent the corresponding 
value of tt by M„ we shall have 

M,=(ar+A)3=;»84.34j2A+3flrA24.A*, 
/. tt, — • M = 3 a^h + 3 xk^ + A*= corresponding increment of m, 

-^-j— =3ir2_|_3^^_l_^»^ Pa^tiQ of increment of function' to 

increment of variable. 

Now the first term of this expression for the ratio being 
3a?2, it is obvious that h may undergo any change of value 
whatever, without affecting this first term. 

Let h then continually decrease in value until it is=0, 
then the expression for the ratio will be simply 3aP. 
Hence this first term is the limit towards which the ratio 
approaches as A is diminished, and which limit the ratio 
cannot reach until A=0. 

Now if u=za^, du=:Zx^^dx, -—=3^, where du is 

ax 

the differential of m, dx the differential of x, and -r- the 

dx 

differential coefficient derived from the function, that is the 
coefficient of dx. Thus the limit Zx^ia equal to the differenr- 
tied coefficient. 

These remarks are offered to the reader in this place, not 
only with a view to remind him of what the Method of 
Limits is, and to regard it in its connexion with the methods 
above alluded to, but also in the hope of inducing him con- 
stantly to recollect that, when he is performing that very 
common operation in the Differential Calculus of ascertaining 
the differential coefficient, he is virtually seeking the limit of 
the ratio of the increment of the function to the increment 
of the variable. 
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DIFFERENTIAL CALCULUS. 

CHAPTER I. 

DIFFERENTIATION OF FUNCTIONS OF ONE VARIABLE. 

Ex. (1.) Let u=zaa. Then -^^a. 
^ ^ da 

du 
(2.) Let M=a+4:r. Then ^-=4. 

(3.) Let y=3a^+^. Then -/=2x 3ad?=6a;r. 

cue 

(4.) Let u= v/Pnr^*. Then — = ^^ 

/«x T * 2aT« ™ <^M (a3-^.ar»-2a:<.(-2x) 



(6.) «=(H-5a!2).(l+4«8)=i^3a!2+4a^+8«». 
■ ^=4«+12a!2+40a^=4ar(l+3.«+10j^). 
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(7.) «=(i+x)«.(r+«2)». 

^=(1 +«)< 2(1 +«2). 2«+(l +^. 4(1 +«)» 

=4(l+«)». (1+*^. {(l+«)«+(l+«^} 
=4 (1 +*)«. (H-«2) {1 +a.+2*a}. 
(8.) «=(«»+a)(3«3+J). 

^=(«»+a). 6«+(3«»+ J). 3*8 

(9.) «=(a+5«*)*. 

— =n(a+5«*)»-». m6*^'=6»»»(a+J«»)"-'. «"-'. 

(10.) «={a+VM5f 

(11.) tt=\/aj+ \/l4-«2. Squaring, we liave 

ia? 2-/l+«^ a/1+«3 

Ij =^ l-j — _ 

. du_ ^Vl+a^ _ ^vT+P 

"^ 2u 2s/ x^ VT+P 
V'l + a^'+j? _ \/a?+v^l+a:g 

"2 vTT^. >/d?+ %/!+?" 2^1+^ 
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X 

(12.) «=— 7== • Mulidpljing both numerator and 

denominator by a/oM-^+^p, we have 



=^{^+7^+^'^^} 



4[ 



a?3+a2+;gg ) 2;g 2^+a^ 



(13.) «=(»+«) (^+^)(<?+a?). 

-=(6+;.)(,+^).-i^+(.+^)(a+a,).-A_-/ 

+(.+.) (5+.).^) 
=(5+a?) (c+^)+(c+«) (a+^)+(«+«?) (*+^) 

=3aj2+2aa?+26a?+2c;p+a6+ac+J<j 
=3aj2+2 (a+5+c)4?+a5+a<?+5<?. 
(U.) «=(1+^)*. (! + ;»«)"•. 

-=(i+^>^)>. ^ +(i+^r' '^ 

=(1 +«*)*. fn(l +a;»)"»-*. waj*"* 

+(1 +«*)« n (1 +a?'»)»-*. wiaf»-* 
=m«(l •\'X^Y-\ (1 +d?*)'»-*. {(1 +aj^)a?*-*+(l +aj*)«'»-*} 

=i»«(l +«"*)*-^(l +^*)*"n«*~*+^***+2^"*'""*} . 



4 ALOEBKAIC FUNCTIOKS 

(i5.)«= V(«-4=+ t^w^^y=U—^+{<^-a^iY. 

2 






b ^X 

/J 4a! \ 3J 4* 

_ l2a;V^~3^ci»-ar'/ _. 2a!V«~v^7^ 

va; va; 



X 

du 






dx (aj^-virr^)' 



T-52+ 



vT3^_ l~ay^+a^ 



1 

(17.) M=/y a-f aj+\/a+a;+ v/a+a;+ <fec. in inf. 
tt2— ^4.a;+\/a+aj+ '/a+x-^- <kc. in inf. 



OF ONE TARIABLE. 



•*f-_J_ 

"dx~2u—l' 
But •.•«*—«=»+«, 

1 v'i^+ia+T - , /T 3 

«-2= Q , 2«-l=v^4as+4a+l, 



(18.) «=1 + — ^ 




1 + - " 



1+A. . . . 
1 + && m inf. 

,,M=14._ m3— «=a!, 2«^ — -r=l, 

(2«-l)^=l, '^^ 1 



«« ' dx 2m— 1' 

„ ,"l]» 1 4a!+l 1 -/J^+T 

2«-l=v^4^Tl, .•.^=_L=. 

tfte V 405+1 

(19.) 2wa;4-«w2— ^a'^=0. This is an implicit fdnctioiL 

(J?i? flfa; dx dw 

/ , \ du j^ du hx--u 

dx dx au+x 

B 2 
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bx—u u du u 



(20.) u=2a-i'5a!. ^=5. 

(21.) u=m+na>. -—=zn. 



(22.) u=e-2a?. ^--QgS, 

dx 

,-^^ ^(23.)«=2ar'-3a,+6. S=*'*-^- 

(24.) «=4a!»-2ai2+3a!. ^=12a!2-4a;+3. 

(tX 

(25.) «=(a+ia!)a!». ^=(4Ja!+3a)«2. 

(26.) «=v/s?+^2. r=::^2- 

^ ' (a+a!»)«" <to~ (a+!B8)» 

(29.) «={«?+(«+«*)*}*• 

du_ * J. * 

rfa! \/^+7a+^ 2V^+a!2Va4»^a + ary 

(30.) aV+J*!B2_a2t2 ^=^1 



dx a "i/a^—a? 
X n ^« 1—3* 

(31.) «=(l+«!)v/l— «. — = 7==- 

yy^ ■'' " v/(l-a?)»" rfx (1-!b2)*' ' 

i 
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(34.) t.= a/^^- -= -J-^ V 

' ^ 1+x/S ^a; 2(l+v/S) yaj-aj3 ^ 

(35.) w=(aa;3^5)2^(a._j)y^^Z:^. 

^^=6««^(a.^ + ^)+te+^^=!^). 

8i / :, fi?M 8^ 3aa?-4aj2 

(36.) M= — 'xVax-^oc^. — = — • — -« 

3a flte 3a 2v/aa;-ic3 

(37.) «= -^ . ^^^fVz!^. 

(38.) «=;^. *f=!A/f±f_i^/1±«?. 
^ ^ (x-a)* e/aj 2 V aj-a 2 V Va;-a/ 

/Q0\ ^^ Tl-g rfj* -2/ 

-/^H^ ^ 6(a2+aj2)l.(a~iB)» 

(41.) «=a<«H«^ (a^-«^*. ^=?1±^^. 

(42.) M= Y 2«- 1 —s/'lx^ 1 — v^2a;— 1-Ac. in inf. 



(43.) «=- 



<fu_ 2 
(to""A/8iB-3 



a;** 
1— -— 

1 — <fec. in inf. 
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du 2a?|l + (l-4af)*+na;"(l--4af')-^} 



CHAPTER II. 

TRANSCENDENTAL FUNCTIONS OF ONE VARIABLK 

du 
If «=sin a; ; T"~^^® *• 

«=cosa!;: --=— sma. 

«=taii*; ^=l+taii2a;=8ec2«>=-^^- 

tisseco?: ---=secaj. tana;. 
dx 

du . 

«=:cosec a? ; ^= — cosec a;, cot x, 

du 
t«=:y. sina;; — =siiia;. 

^t« a 
Ex. (1.) Let«=8in««. Then^=2smx.'^-^=28ina;.co8x. 
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j(2\ u=-coama^, i.e. the cosiue of the product of 
\ m and a?. 



\ 



du dcoamx 



dx' 



dx 



-smmaj. 



dmx 




tt=sm*a?. coso?. 

du . - dco&x 

— =sm3^.— f-coso?. , 

<W? tfa? fl/a? 



dsm^x 



= — msinwa;. 



srsin^iT. (— £diiar)4-cosar. Ssm^a;, cosor 

= 3 siii2;r cos^o? — Eon^o? = sin^^ (3 cos^a? — silica?) 



5iaiii2;r(3. 1— siii2a?— am2j?)=sin2a?(3— 3sm2a?— sin^^r) 
= sin 2;r (3 — 4 sin^o?) . 
4.), w=6f^. coso?, ^ being the base of the Napierian 
system of logarithms. 



du 
da: 



dcoax 



de^ 



dx ^^^ dx 



Vs.)' 



=e^. (—sina?)-|-cosir. 6^=6!^ (cos 0?— sin o?). 



du_ de*^^ 
dx dx 



dx dx 



-+«*' 



\: 



'^ 



=ar. «<'<>fl^(-sina?)+e^<>s^=e<'<>«^ (l-arsin^r). 
sin*^ 



008**^? 



</^__ cos**a?.msin*»-'a?.co&r— sin"*ay.ncos»-^;r (--siDug) 
dx . cos^^ip 

__ wicos**+ ^x. sin*» - >ar w sin*»+ ^x. cos«- *ar 

"" cos^^a? cos2»a? / 

«isin'»"'*ip nsin*"+'d? 



coS»- ^x cos**+ >ir 
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(7.) a=cos-ia? ^l—ar^. This is an inverse function. 

PutiTV^l— a?2=;2r. Then tt=cos-i;2r ; :.coau=^z; 

du - du 1 _ 1 __ 1 

—sin «.-—= 1 .'. — = — : — -====— /= 2 

dz dz smw vl— cos^m vl— ^-^ 




aia? V 1 — or 

du_^du dz^ 1 l—2a? 

^^^doTd^'dx''^ y^l-ar^+a^ ^/^^ 



(8.) tt=a(sindf--C08ip). 

— =a (cosiT-f sino?). Squaring, we have 

(— ) =:a2(cos2a?4-sm%+2sina?co8a?)=a2(l+2 suid?cosir). 
tt2=:^2(cos2d?+sm2a?— 2 sinircosir)=a2(l— 2 sinarcosa?). 

(g)%^=.^, .•.©■=2...... .•.S=v^P=7. 

(9.) i«=(loga^)-. 

Put z for log a:*, then u^z"^, :. — -=w;»«-i j 

dz naf^~^ n 
and V z^loga^, :. ^= -^S-=-- 

„ du du dz „ , « f»»(logaj")"»-* 

Hence -7- =3-- 3-=«i ;:?'»-*•-=: —^ 

dx dz da ^ X 



(10.) log«= 
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v^iT^ 




, du^ u 

(11.) «=a»*«^'y 

log u=log X + tan-* d? . log « 

=logiF+taii->a?, V log«=l, 

du 1_1 J^^l+^jt? 
<te'tt'~a?"^l+a?2 a? (1+^2) 

.<^te_ g*«^"'*(l+a?-ha^ 

Since the denominator is constant, and since the differen- 
tial coefficient of «^ is ae^^ 

.*. ^=-y7-Y {a«^(asind?— oosd?) + c"(aco8^+ sina?) } 
=-5— Y {a^sind?— -a cosa?+ a cosd?+ sina?} 

= «^. nn«. 



12 TBANSCENDBNTAL FUNCTIONS 
(13.) U=:l0g-y= -^. 

V a— V a? 

dx ( va-— v^)2 va 4- v^ 

2 v^( va — vj) ( a/a 4- ^/a) 2 v^(a — a?) vJ(a — ^) 
(U.) «=a''"+'. 
log M=c*"+'. log a. 
log (log tt) =:{ar^+a:) log c+log (log a). 

Put ^=log u , then -j- =-= 



du u a'^'"+'' 
log ;y=(^+ir) log c+log (log a), 
dz 1 

— .-==log C (2a? -f 1). But ;3r=c*"+'. log a, 

.•.^=;^. logc (2ir+l)=loga. logc. <:*■+'. (2a:+ 1). 
Hence 3"=3— j~=l<>g^- l^g^'* «'^''^'. c*'"*"' (2a?4-l). 

(15.) w=sina?v — 1— cosor. — ^cosar-v/— l+sinar. 

(16.) M=cos (sina?). — = — coso? sin (sin^). 



(17.) M=8in-*-. 




(18.) tt=«'^*. ^=e»''* cos^r. 
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,1—072 du 2 

^ (19.) t*=sm-p3j^. H'^^TT^' ^ 

(20.) u=^- V^I^^- ^=^Z^=P=^- 
. (21.) M=cosir+cos2ir-fcos3a?+ <fec. 

-7-=— (smir + 2sin2a? + 3sin3ir-f &c.). 
dx 

(22.) w=cot-*(mar+a)2. 3-=-/ \ x4_l1 



/ 



(23.) 



/l— a? fl^ 1 /^ 

V i^a: dx 2VTI=^ . 



dm Vh—a 



(24.) «=tan-» a/^^^- 

/ dvt /I — X 



dx 2(l-far)v6^+a 



^ -2 

(26.) w=cosec"*wa:2, — = - — 

^(27.) 'w=log(smiF). ^=cota?. 

(28.) w=sm (logar) . T^^" ^^ (^^8^) • 



(30.) it=(log)«ar. * 



rfw 1 1 



dx X vl+a?2 

dm 1 

dir~"iF loga? (Iog)2o7 . . . (log)""*a: 



* This expression means the v^ logarithm of x, not the vi^ power of 
the logarithm of x. Log (logj;), which means the logarithm of the 
logarithm of x^ might be written (log)'a;. 

^■<huu -j^A. .i,C_ /.:^ *'^.- 



/. 
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A du at 

(32.) «=logvsiiiiF+logveosii?. — =:cot^a?. 

/ ■ MI ^ao du va?-f-a 

(33.) t*=log{a?+x/?^=P}+sec-^— — = > ' 

^ / a da w^x—a 

.«.N , a:^/2+*/TT^ du y/2 

(34.) «=log ^j-^ . -=^^-^^;^==- 

(35.) «=a;'. — =^(loga?H-l). 

du ai®8'. loga 

(36.) «=«x«'. :^=—ir- 

(37.) «=«^. ^=«»*.«'|loga;(logar+l)+-|. 

(38.) u=x^''. rf~~'''''"'( hcos'P'log*) • 

, du 

■ U^\ (39.) «=e*'cosr;F. ^=e«*(acosrir— rsiiir*). 

» (41.) «=a^- ^=^-*'^"«b)- 

(42.) w=e"*(smra?)**, -r-=«^(sinriF)'""*(asmrd?+mrcosrir). 

'. (43.) ^.=.ao.)* S=iog^(log)2^...(iog)-i^- 

(44.) w=y tanar", y being a function of a?. 

' ~-=tana!"-T-4-«^^^^sec2a;». 
flfcr da 
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7 (45.) u:=!:z^y z, V, and y being functions of a. 

(46.) u^^az+miz-i-azco&Zy a=^a--acosz. 



CHAPTER III. 

SUOCESSrVE DIFFERENTIATIOK. 

Ex. (1). Let «=a;». 

Differentiating, we obtain the^.^^ differential coefficient, 

du ^ , 
dx 

Differentiating, we obtain tbe second differential coefficient, 

g=n(«-l)*— . 
Differentiating as before, we bave tbe thirdy 
^=n(«-l)(n-2)«-. 

g=«(n-l)(n-2)(«-3)*-^. 

^=n(«-l) («-2) .... (n-l^)—. 

It must be borne in mind that c?%, dhb, d^ <fec. c?''t« are 
merely sypibola; and that daf^, da^, dsc^, <fec, ciif are powers 
oidx. 



16 Leibnitz's theobem. 



(2.) w==log;r. 








da: a:' 




1 


rf»M 2 


' dH 2.3 






2.3.4 ^ 


(3.) W=:«'. 






^ = (loga)V. 


^ (4.) tt=sinnar. 








(5.; M=0«'. 






::— '■ 


(«■) »=j^:- 






tPw 240 



Leibnitz's Theorem, wbich is useful in finding the diffe- 
rential coefficient of the product of two or more simple 
functions, may be thus enunciated, u and v being both func- 
tions of a?, 

d^{uv )_ d^u dv d^-^u r(r~l) d^v d^*u 
1^"^'^ dixT^'^ dx dx^^^ 1.2 1^1^^'^ 



CHAPTER IV. 
taylob's theobem. 



This theorem may be thus enunciated. 

K u=^f{x), and x take the increment ^, 
.. -. du. d^u A2 dhi A« </*M A- 

-f&c. 
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This theorem, written aGcording to the notation of 
Lagrange, is 

/(*+A)=/(*)+/(*)A+/'(*)^+/"(*)j^+Ac. 

In using it, if we take n terms of the series, the error we 

shall commit by leaving out the terms beyond the tfi^, will lie 

A* 
between the greatest and least values of/'*^(d?+6A) » 

which values will depend upon giving to various values 
between (0) its least value, and (1) its greatest. 

Maclaurin's Theorem is easily deducible from this. 

Ex. (1.) Expand eos(ar+A) in a series of powers of L 

du d^u d^u 

Letu=cosar, then -7-=— sma?, -r^=— coso?, -^-^=smd?, Ac. 
ax asr <wr 

Whence, substituting these values of m, -y-y Ac. in Taylor's 

dx 

theorem, we have 

cos(a?+A)=coaar— smiT.A-— cosd?«-=— o+sui^T"7r-Q+ &c. 
Cor. By making a?=0, we have 

^«^=1- 1:2 + 23:4 ■"^^- 
(2.) Expand sin"'^(a?4-A), according to ascending powers 
of A. 

Let M=sin""^a?, then — = . = =(1 — «^)~ , 
rfd? V 1 — a;^ 

^=- i(l-*2)-«(-2;p)=ar(l-<r2)-*=— ^. 



=(l-«2r*{3a;a+(l-«2)} = 



c 2 
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Whence, by substitution in the theorem, 



sin"^ {x-\-K)-=- sin"^ir 4- 



2.3(1 -a^)* 
(3.) Expand log (a? + A) by Taylor's theorem. 

I^t «=log^, then-=^, ^=- ^, ^=^, &c. 

Whence, by substitution, 

' log(^+A)=log^+--2^+3^-&c. 

(4.) Ifw=/(ir), show that 

•^llTSi~''""5^'lT^'^^'2(l+^)2 

<^a;3 "2.3(1+0?) 
Letir-|-A=T > thenA= 



5+&C. 



l + ir' l + « l-Vx" 

^ A»=— ^^ 



i^^=7^rzxv ^'=-jtx:;T8. <««^ 



Substituting these values in Taylor's theorem, we have 
/ a? \ du a^ d'^u a* 

d^u ofi , 

~ "558*2:3(1+^"^ ^' ^ 

(5.) If/(ir)=tan~^a?, and we put ■= — -^srsiny, 
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or taii-^ir=~y, then, tan"'(a?+A)=taii~^a?+ amy any j 

— sm2y sm^y —--l-sinSy sin^y -^ &c. 

Now, since h may have any value whatever, put h=z—a:, 
y being an arc in the first quadrant ; then 
tan-X^+ A) =tan-^ 0=0, 

.\tan""^a?=sinysiny'Y+sin2ysin2y .Y+sinSysin^yY+^^^- 
But tan"^a?=7r — y, and a?=coty=— : — , 
2 amy 

X 1 1 

Similarly, putting A= — (irH — ) = : , we have 

^' ^ ^ \ ^ xJ smycosy' 

v ^ siny 1 sin2y 1 sin3y 
2'~cosy 2 cos^y 3 cos^y 



And, putting A= — vT-f^, 

^=-4-8iny4-- sin2y+^ sin3y+<kc. 
Hence, by differentiation, 

- + cosy -I- cos 2y + cos 3y + <fec. = 0. 

These formulae are deductions of Euler's. 

Taylor's theorem may be applied to find approximate roots 
of equations of the higher degrees. 

- (6.) Show that Taylor's theorem comprehends the Bino- 
mial theorem. 

(7.) Expand sin (a? -|- A) by Taylor's theorem. 

. , ^, . A . A2 A« ^ 

sm(ir-|- A)=sma? 4- coso? • -—smiT-— — cosiT^-Q + &c. 
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(8.) Show, by Taylor's theorem, that 

+ <fec. 
(9.) Show that tan(a?+A)=taiia?+sec2ir- 

+ 2sec2artanar:r^4-28ec2a?(l 4- 3 taii2a?)r-^4-&c. 

(10.) If w = cot "^a?, show that 

h . . h^ 
cot"'^(ip +A)=tt— fidn«sinw"=-+ sin^M wa2u -^ — <fec. 
1 2 

(11.) If/(«)=1±^, prove that 

1 d? 

l4.a,4.A _l + a, ^( - A , A^ , A^ . ^ | 
l__^-.A~l_a:"^ 1(1-^)^ (1-^)^ (1-^)^ J 



CHAPTER V. 
maclaurin's theorem. 



This theorem, which is used for the development of a 
function according to the ascending powers of the variable, 
may be thus enunciated, Uq, Ui, U^, U^, <fec. representing 

,, , J, du d^u d^u , , ^ 

the values of u, — , -r-j, -7^, <fec. when ir=0. 

Cor. |=i7,+2?7,j^ + 3?7,^+4^7,.^+<kc. 
This theorem was first given in Stirling's " linese Tertii 
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Ordinis Newtonianse." It is, however, generally attributed to 
Maclaurin, and is improperly styled " Maclaurin's Theorem." 
Ex. (1.) Expand (a+or)**, n being any nimiber whatever, 

positive or negative, integral or fractional, rational or 

irrational. 

Let w = (a -f a?)*, whence if a?= 0, Uq^ a*. 

—^n(n-lXa+a:y-^ . . , i7,=n(n-l)a»-». 

_=:n(«-l)(n-2)(a+^)*"' , ^73=n(w-l)(n-2)a«"^ 

<&c. At, 

Substituting these values of Uq, Ui, <fec. for «, -j-, &c. 

OOP 

in Maclaurin's theorem, we have 

+ &c., which is the Bmomicd TTaeorem. 
(2.) Develop a*. 

Let M=a', whence ifir=0, Cro=a'=l. 

^=M«', cr, = ^. 

S=^^«' ^» = ^^• 

S=^V, ?7, = ^a. 

dor 

* A \A here put for the hyp. log. of base 9, that is, for the expres- 
sion (a- 1) - j (a- 1)« + ~ (a- 1)» - &c. 
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Whence, by Bubstitution in Maclaurin's the<xrem, 

which is the Exponential Theorem. 
V A=\oga, .•.a»=:l+a?loga+-(a?loga)2-h— (d?loga)«+<fea 

When ar=l, a=l+loga+^(loga)2+— (loga)»+&a 

an expression for any niunber a, in terms of its Napierian 
logarithm. 

If for a we "write the Napierian base e, we have, since 
log<?=l, 

^=l+ar+^+^+&c. 

And, when d;=l, 

«=l + l+J+J^+&c.=2-71828 &a 

(3.) Expand tan""^iF by the method of indeterminate coef- 
ficients, 

ti=tan"^a?, whence if d7=0, ?7o=tan"''0=0. 

-r-=:j '^=l—af^+o^—afi+&o,, by actual division. 

But (Maclaurin's Theor. Cor.), 

Equating coefficients of like powers of x, we have 
i7i=l, ?7j,=0, Z73=-2, C;=:0, Z7b=2.3.4, &c. ; 
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v 1. 1..-W 2^ . 2.3>4^ , 

whence by substitution, w=d?—^— 5+^^-5— ^i—^—<fec. 

/pS /pw /g/ 

.'. tan''^d7=a?— ^ +-r — =: + &c. 

tan*w tan*M tan^« . 
V tant«=a?, .". t*=tanM ^ — | — = = — |-»c., 

which is an expression for the arc, in terms of its tangent. 

By help of this and Machines Formula, we may find an 
approximate expression for the length of the circumference 
of a circle. 

Let tana=-, A=ia, then -4=4 tan~^- ; 



_ 4tana~4tanaa _ 5 125 _12Q 
^^^-l-etanaa+tan^a"" ^^ 1_""119" 

25'^ 625 

120 
Now tan(^-45o)=,-^^jqr[=120— 

.•.^-45o=tan-^; 
.•.45»=^-tan-^> or ^=4taii-i -tan-^SQ* 



\5 3{5y'^5{5y 7(7)7 +*^-j 
"■I239 ■" 3(239)3 ■^5(239)« """^^T 



* This is Machin's Formula. 
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-> ^31.)^ «=log*-log(a-v^^=^. -=_--pp3p. 

, y (^ .J. 

(32.) w^logv^ani+logv^eoea?. — =cotia?. 

/-s s. I*' <^ -/ir+a 

^(33.) t*=log{;^+^/^?^}+Bec--• ^=;;?^3^- 

(34.) «=log— -7==— --^^-^^;7===. 

(35.) tt=a?*. — =a?*(loga?+l). 

du a^*, \oga 
(36.) «=«»««'. ^= ^ 

(37.) «=«^. ^=a^.a;'|log*Gog«+l)+-}' 

(38.) «=«»*»'. ^=^"° (~;~+*^*-^**^*)' 

<u7\ (39.) u—^ooBTX. —=e^(a(io&rx-rwa.rx). 

, (41.) «=«=. S=^"*'^°«W* 

« 

(42.) w=e«*(sinra:)*», — =e«'(smrir)™"\asmrir+mrcosr;r). 

du gCiog)"* 

^, (43.) t.=eaog)X S-log^(log)2^...(log)-^^* 

(44.) 14=^ tanir**, y being a function of a?. 

> ^sTtan^^^+wy^^^sec^^. 
do? dx 



K f e Z r 
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7 (^5,) u=:z^, z, V, and y being functions of a. 

^ ^ Jy 1 ^y xVy dv I dz) 

^=.^.,^|log..log«^+-log.^+-.^|. 

(46.) u:=xz+miz+azcosz, a=a—acoaz, 

du^/2a'-xvh 
da:'~\ a? / 



CHAPTER III. 

SUGCESSIYE DIFFER£2ffTIATI0N. 



Ex. (1). Let «=«•• 

Differentiating, we obtain the^i^^ differential coefficient, 

du 
ax 

Differentiating, we obtidn tbe second differential coefficient, 

d^ y 1\ * • 

^=n(«-l)*-. 
Differentiating as before, we have tbe third, 
^=«(«-l)(«-2)<.-» 

^=«(n-l)(«-2)(«-3)*-*. 

^=n(n-l) («-2) .... («-7ri)«-r 

It must be borne in mind that dhi, d^u, dhb, <fec. d^u are 
merely sypiboU; and that da!^, da?, da^, (fee. dof are powers 
oidx. 
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(7.) Provetliatlog(l + d?) = iP— ^+-5- — -p-h&c; 

Let t*=log(l +x), whence if a?=0, 27o=log(l)=0. 
— =r--— =1— ir+d:2_>jjj^^_^^5 jyy actual divifiion. 

But (Maclamin's Theorem. Cor.) 

And, equating coefficients of like powers of x, 

U—l Z7 — — 1 —'—1 -^— — 1 ^g —1 . 
^1-1, «^>- 1, 2"" ' 2.3"" ' 2.3.4~^ 

.\C^i=l, ^,= -1, ?7,=2, ?7,= -^.3, i7,=2.3.4. 
Whence, by substitution in the theorem, 

cfi afi a^ 

log(l+ar)=a?- - + ^ - -+ <fec. 

Cor. Writing —a? for x we have 

1 /I N x^ a? a^ . 

log(l-a?)9=— 0?— J "■ 3" ~ J ""^• 

(8i) Show, by help of the last example, that 
, f X \ 1 1 1 .1 1 . 

i<^g 1^=^31 -2 (^;:3?+3.(7=T? -^'- 

Put =-=!—«, then 

log (!+«)=«- i^+i*«-&c. (Ex. 7.) 

«— 1 s—l «.— 1 

/ « \_ 1 1 1 .1 1 u. 
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(9.) 1£ a^ and b^ respectively represent the ooefficients 
of af^ in the expansions of u=f(x), and log u ; show that 

Assume tta=aQH-aia?H-aj2r* .... -^a^a^, then 

du _ 

— -=a^4-2aja? +«ana7*""% 

da; u aQ+u^x+a^a^ . . +a»a^ 

Nowlog tti=5o + ^l^+^S^ .... +in^ 

air w 

Hence ^+2a,^ . +^n^-^ ^^^^ ^ ^ ^^ ,^ 

ao+«iir+a,dJ*. . . +a^ir* i-r i ^ n 

And, multiplying by the denominator, and equating coef- 
ficients of like powers of x, we have 

«o«=6ian-.i+25,a^_,+358«»-8+ • • • 4-«^nao- 
(10.) Develop sino? and coso? in ascending powers of a?. 

*^*=^- 1:2+1:2:3:1-*^ 

(11.) Prove Euler's formulae, 

smj?= 7 — » cosa?= • 

2\/^ 2 

(12.) Prove De Moivre's formtda^ 

cosww?-h v^— 1 sin«M?=(cosd!?4- v^^l sina?)*". 

(13.) Prove that (tana?)4=a?*+|4;«+|a!8+4fcc 

(14r.) If M=Bin""^4?, show that 

sin^u S^sin^M S^. S^sin^t* 

. ^^"°^+i:3-+2:F4r5+ 2.3.4.g.6.7 +*°- 
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(15.) Develop u=cotx by the method of indeterminate 
coefficients. 

COtiP=— — — — — - — — &C. 

a: 3 32.5 38.5.7 
(16.) Prove, by Maclaurin's theorem, that 

(l+2a?+3^)""*=l-ar+2aj«-|a:4-f|a:»-<fec. 

(17.) Show that cos-ia?=^ _a?- ^ — ^ 3^^ - <fec. 

(18.) Show that sin(a4-5d?-|-<?^)=sinaH-5ircosa 
. 2^cosa— 5^sina „ G^csina+^^cosa „ 

+ 2 *^ o — '^-'^ 

(19.) Prove that ^^4-^-^-d«^ 
(20.) If cosa?+sind?v^— 1=6*'^^, and a? take the parti- 
cular value 5» prove the two formula of John Bemouilli, 

namely, 

x= — -/— l.log(— 1), and 

<^>^'=i-i+n(i)-lia(i)*+*' 



ImplicU Functions, 

Ex. (1.) Given tt^— 3t4_f./p=0, to expand u in a series of as- 
cending powers of x. 
WheniP=0, i^—Zu=:0, :.u=:0, .... .'. Cr^=0. 

« „<f?* „«?«« - ^ <^W 11 rr ^ 

3u2— -3-5-+l=0, j-=-o—5 — r • • • ^i=Q- 
da da da o «-*— 1 3 
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— 9 — 

d^u I dx 2 u -1 



^- 3 («2- 1)2-3 (t*2-l)2 3(»2^1) 

2 tt 



Z7,=:0. 



"■ 9 (u2- 1)3 

<to»~ 9 («2-l)« 

~~9* (m2-1)4 *3(tt2-l)~ 27 («2_l)»'-- *^»-27' 
o («2-1)»10«^-(5«H1).6(w2-1)*.2m^ 



da!*~ 27 (u2-l)i» 

_20 — 4«»-2m _ 48 2m8+m 
~8l' («2-iy ~~ 81*(«2-iy' 



. . . £r^=0. 



d»»_ 40 22tt*+19i«''+l /7-_*0 

■5?~~243' («2-l)» * ^•-243" 

Whence) by substitution in Maclaurin's theorem, 

" = 3 + 35 + F+*^ 
(2.) 2u^— 2M?— 2=0; expand « in a saries of asoending 
powers <^ a. 

" = ^+A"2^+**^ 
(3.) «2_|=6*;showthat«=2+^^l^+l|L+&a 

(4) o'^d?— 8«— 84? =0 ; show tkat «t= — d?— 03 --"tT ""^ 

(5.) 4tAi?-w-4=0; show that f»»-4-4*a?-3(4)V-&o. 

o 2 
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(6.) M^—a^tt+aMjf— a^=0 j show that 
ofi 01^ 0^ 



&c. 



(7. ) am « =a? sm (a + m), show that 
u=r7r+sma7+aui2ar--^+28ina(3— 48iii^a) q + ^c« 



CHAPTER VI. 

EVALUATION OP INDETERMINATE FUNCTIONS. 

P 

When the two terms of any fraction — contain a common 

factor, as a —a, and the particular value a be given to x, 
then, since x^a will be equal to 0, the fraction will assume 

the form -^ and be indeterminate. 

Such a fraction is improperly termed ^ vamshingJracHan; 
since its values may be finite, infinite, or nothing. 

When the common foctor is obvious by inspection, it may 
of course be removed by division. 

The method of John Bemouilli is to differentiate the 
numerator and denominator, s^mrcUdy, until they do not 
vanish simultaneously by making d?=a, and thus to deter- 
mine the true value of the fraction in that case. 

FCx—a)^ 
If the fraction be of the form -p^ ^ and m orn be a 

Q(x^a)^ 

fraction, this method of successive differentiation will not 
apply, since, however ofben we differentiate, we shall never 
eliminate the common £Ebctar. 
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In this case we may put adzk for a^, expand botli terms 
of the fraction in a series of ascending powers of h, and 
then put A=0. 

The process of evaluation of indeterminate functions 
enables us to find the sum of a series for a particular value 
of the variable. 

Ex. (1.) Find the real value of the fraction 

Here P=aa!^—2aca!+ac^, Q=baf^—2bca!+b<^, 

da 

dO 

-^=25a:-25c=0 ifd?=c 

da: 



d^Q ,, [.•.thefra<^ion = -^ = j. 



(2.) Let M= -r — ij • iind u, when a?=l, 

ar — 1 

Here P=:a^+2d?2-a?-2, ©=a^-l ; 

• t4=^=2. 



^=3ar2+4d?-l=:6 if ar=l , 

da I . ' 6 

^=3^ =3 if^=l 

da 



} 



0» ^» 

(3.) tt= ; — =1, whend?=0, 

"^ '^ a—sma 

l-=e'-a^«oosdr=l-l=0 ifa?=0, 
da 

^=:l-cosa?=:l-l=0 ifdr=0, 
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---^=:^— e«*^«(— smo?)— cosa?«'*^*.cosa?=0 if ir=0, 
d^ 

-^z=ismx=0 ua=0, 

d^P 

-— 5-=6'H-e^*cosd?+siiiir^*. cosa?— cosftp^"*. cosa? 

dar 

+e^* 2cosirsiiia?=l + l + 0--l + 0=l ifa?=0, 

■T-o-=COSd?=l lfd?=0, .•.«=-=l. 

oar 1 

(4.) w=(l— ir)taii-Tr= =-' whena?=l. 

cot- 

Here P= 1 —a?, ©=cot - a?, 

dP . dQ 2 , _ - 

-^-=—1. -7-= > make d?=l, then 

^_ 2 _2__7r . _-l_2 

fl?d? . „7r 1 2 TT TT 

2 2 

(5.) «=— ^^ r — r' Find tt, when dprsa. 

Put a?=a— A, then 

''""{a3-(a-.A)8}*+{a-(a-A)}i 
{2aA-A2}4+A 



'{3a?A-3aA2+A*}*+A* 
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"*'"A*(3a2-3aA+A2)*+A*"(3a2-.3aA+A2)*+l' 

Now, putting A=0, ve have u=^ — ^— • 

. . tana?— sina? 1 , ^ 

(5.;%= -g =-> when fl?=0. 

<ia7 __sec2a?— cos^ 1 1 — cos^^r 1 — cos®^ 
since the fitctor — 3-=! when a?=0 : 



cos'a? 
d2P 3cos2:r.sin;i? sin^ 



=1, whena?=0; 



d^F cosa? I , tana?— sina? 1 , ^ 

~=-^=-. hence ^5 =^. yrhenx=0. 

(7.) Find the real value of -; — ^r-^ — when a?=l. 

Ans. 00. 
(8.) If t^rz: '*""^''^'^ , whena?=0, t«=^. 

^ — flt*a?* 

^^9.) tt=— ^z= ' when a?=a, u=:3a, 

wax—a 

/iA\ n^—a^x—ax^-^ra^ . ^ 

(10.) tt= 5 5 » whena?=«, tt=0 



_ 4 
a^') ^= ;^,/^+8l-16 ' when ..=2, «=|^ 

xi« . COta? + COSeCa?— 1 - TT - 

(12.) «= — ; ^ » when x^=^-^ t«=l. 

cot a?— coseca?+l 2 

a? sin"a7— — 

(13.) M= > whena?=rr> t*=— 1. 

cosa? 2 
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nA\ (d?-a)*+^*-ai , 1 

\ ^ 

(15.) Ifiii-= ir=l, show that l4-a?+a?2+. .a?*»-i=«. 



x^ 1 — a^ 



n 



(17.) M= ^-^ -^ when a?=0, ^=4. 

^18.) M== — 7=— — r» whena?=0, m=2. 

log (1 4- a?) ' 

(20.) M= . when«=l, «=logQ. 

COS*" (1 j^i 

(21.) tt=— ?=^==^» when^=0, m=1. 

/ooN a?-a4.v/2aa?-2a2 , , 

(22.) tt= 7= =1, whjeii^=«. 

(23.) w=-;' whena?=oo, tt=0. 

(24.) i.= ^^^f;^7"^^ , when^=l, m=2. 

(25.) M=ir«"*'=0, when ^=00. 



1 



TT 



4 X "n 

(26.) t«= * when a?=0, t«=i— • 

^ ^ Tra? 8 

(27.) Ify^— a?=0; show that when x approaches oo the 
limiting values of e~^ and y are identicaJ^ and that the limit- 
ing value of ^ is zero. 



X 
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^ ^ log(taii^) 

(29.) u=^ ^ \ — ^= — r-«» wliena?=a. 

/OAN ^— «^. TTd; , 4 
(30.) M= 5— tan^T-* when a:=a, «= • 

(31.) «= » when arr=a, «=w«**^ 

(32.) «= (^+^) ('^-^) ^_gin 450 ^ten ^_i. 

^ («'-l)2+8ia8(a!»-l)* 

logfl+wa!) 

(33.) u^e * , whena?=0, «=«*. 

(34.) tt=-T » whena?=0, tt=2. 

(35.) If the fraction -7-t 7-: assume the form 00 — 00 

when 07= a ; show that this illusory fonn oo — oo , and also 
X 00 are eadi identical with the form -• 



CHAPTER VII. 

MAXIMA AND MINIMA. 
ONE VABIABLE., 



If a quantity increases to a certain extent^ afid then 
decreases to a certain extent^ its values at these limits 
respectively are a maximum and a minimum. 

If it repeatedly increases and decreases alternately, it 
has several maxima and minima. 
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If it increases continually or decreases continually^ it has 
no maxima or minima. 

Let u=:f{x) J then, to determine the values of x which 

render u a maximum or minimum, put ■j-=0 o^^qo, and 

substitute the possible roots of the resulting equation in 

-7-5 > then, if -r;^=a negative quantity, the value of x which 

is substituted renders u a maximum : if -— -T=a positive 
quantity, the value of x which is substituted renders u a 

Tninirmmn. 

A TTift-giTrnTm or TnininmiTn can exist only when the first 
differential coefficient which does not vanish is of an even 
order. 

If t« = a maximum or minimum, then au and — are 

a 

maxima or minima. Hence, before differentiating, we may 

reject any constant positive factor in the value of u,. 

If t«=a maximum or TniniTmim^ then te** is a Tng-yiTmiTn or 
minimum if n is positive ; but when u^=b. maximum z^'** is a 
minimum, and when t£ = a TniniTnimn t/~** is a ma-inm iTm. 
Hence, before differentiating, we may reject a constant 
exponent. 

If i£=a maximiun or minimum, \ogu is a maximum or 
minimum. Hence, when the function consists of a product 
or quotient of powers or roots, we may use the logarithms. 

Ex. (1.) Find when «* —5 ^4-5^^+1 is either a maxi- 
mum or A TYiiniTmiTn. 

Ij^i u=.sfi— 5x^,-^60^-1^1, then 

^=5;r*-20;c8+15;p2, and putting this=0, 
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a?2— 4;r=-3, a:=3, ;r=l, 
— J =20^^—60 ;i^+ 30a:, and substituting successively 

the values of x, (0, 1, 3) in this expression, 
—5=0, firom which we can infer nothing, 

d^u 

-— ^ = 20 — 60 -h 30 = — 1 0, which indicates a TnayiTnum, 
dar 

d^u 

— 5=540—540 H- 90= + 90, which indicates a minimum. 

dor 

Hence, when «=1, tt=2, a maximum, 
and, when .r=3, «= —26, a minimum. 

(2.) If w= v^4a2a52— 2aa5^, ascertain those values of x 

which make u a maximum or minimum. 

Bejecting the radical and the common factor 2 a, put 

du 
u=2aaP^a^, -7-=4aaj— 3a^=(4a— 3aj)a;=0, 

4a 

;.4a— 3aj=0, 05=0, .\a;=-5-' a;=0, 

4^=4a-6«=4a-8«= -4a, 
aar 

dhi . 

— -=;4a— 6a5=-|-4a. 

afl/ 

Hence a;=-3. makes «= /y/ -^ ^-^^= Y 9^ 

8a2 
= — 7=^ a maximum, 
3^/3 

03=0 makes ii=0, a minimum. 
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function 



(3.) Determine the maxiina and minima values of the 
ion t«=^^^--5. -^^^--^T" 

Putting M=-> we shall have »= * 

^ ^ -"^^-^' ..«- + !, «— 1, 

<^»g_ a-g.2a?— (gg-l)2a; _2g?_2 

^i^tj 2 ^. ^ . ,. 
.*. -3—9= +-T' '^hich mdicates a mimmum, 
dor 1 



4»» 


2 




1 1 

1 + 1 J 




-1 1 
t«=^ — -=—--, a TniniTTiuTn. 
1 4" * ^ 



(4.) Divide a number a into two such parts that the pro- 
duct of the nfi^ power of the one and the tfi^ power of the 
other shall be the greatest possible. 

Let Xy and a—x be the parts, then 
tt=aj*(a— 05)*. 

---^=.01^^ (a— aj)*~^(— l)4-(a— a?)"maf»~ ^ 
=af»" ^ (a— aj)""^ {wa— (m+n) x) =0 ; 

Or thus, log u^ss-m log aj+n log (a— aj), 
rfttl^m n ^**_ tam^mx—nx\ 

dxu^ X a^x dx"^ \ {a^x)x ) 
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/.— =a-»(a-aj)« . ^ 7 ^ =0, 

flfa "^ ^ {a—x)x 

ft aw 



w4-» 

Now the values and a may be rejected, smce there can 
be no division of the line if a;=:0 or a. 

Hence, differentiating again, and substituting in 

the second differential coefficient, we have 

— — = — . (m + n) . which indicates a maximum, 

am - an ,, ^ 

.•.«= and a— a5= are the parts. 

m + n w-f w ^ 

(5.) If ii=sin^a;cosaSy show that u ]a & maximum when 
«=60*». 

-7-= — sin^aj sm«+ cososS sin** cosaj 
dx 

= 3 sin^a: cos^a; — sm*aj= 0, 

.'. 3 sin'oj cos^arssin^ 3 cos^ajsrsin^ajsr: 1 — oos^a, 

.•.4cos2aj=l, cosa;=7r> /.ayrrBO*, 

-7-2=3 sin^a;. 2 cosa; (—sina;) + 3 cos^. 2 sina? oosa; 

— 4 sin'a; cosa;= — 6 sin^a; cosa;+ 6 sina; cos^a; 

— 4sin'a: cosx= — 10sin%; cosa;+ 6sinfl; cos^ 

„ . ^/3 . . , 3v^ 

Now sma:=-5-* ..sm'aj= — 5—* 

rf^M 30a/3 1 6-/3 1 24 y- 
/.^= g_.-+-^.g=^_^/3,anegative result, 

3^3 13/5- 
;.«=— — — .--s=~v3, a maximum, 
o J lo « 
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(6.) Divide a number n into two such factors that the 
sum of their squares shall be the smallest possible. 

Let X be one £&ctor, - the other ; then 

X 

;.«=--» a^=n^, 05=^1*, 
ar 

— -,=2+— 3-=2+-^=2-h6=+8, a positive result, 
dor or n^ 

.'. « is a minimum. Hence the sum of the squares will be 

the smallest possible when the &ctors are equal, each being 

the square root of the given number. 

(7.) Into how many equal parts must a number n be 

divided that their continued product may be a maximum f 

Let there be x equal parts, then 

- is the magnitude of each, and 

X 

u=(-] is their continued product, 
log w=aj log ( - j =« (logn —logos), 

- — =a;-( Wlogw— logx= — l+logn—logoc^ 

— =!«{ —1 -f logn— loga} =0, 

.'. logx=logn — 1 =log« — log«=logf - j, .*. «=- • 
d^u / 1\ / , , , K du 

=G) V x) +^='K- 3' * '^^g**^^ "^^^^^ 

/n\* ^ 
.•.tt=l~j =«« a maximum. 



dx^' 
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(8.) Show tliat - — : is a TnaxJTmim when aj=45°. 

^ ' l + tanaj 

rf»__(l -f tanx) cosa:— sina; (1 +tan2a:) 
dx" (l+taiia;)2 

__C08a;+ sinaj— sina:— sina; tan^sB 

"" (l+tana;)2 

cos X — sin os'tan^ 



(l+tana?)2 



=0, 



sin J? 

•*.sinxtan2d?=oosdr, 'ixa^x^l, tan*^=l, .'.3?=: 45°. 

cosa? 

-r-r= — 7 V 2, a negative result, 

sina? 1 /5- 
1 + tana? 4 
(9.) If a be the hypothenuse of a right-angled triangle, 
find the length of the other sides when the area is a maxi- 
munL 

Let a? be one of the other sides, then 
>/a^—aP is the remaining side. 

And area =^a\^a^—aP. 
Now, rejecting the constant -« we may take 

^=2a2a?-4a:3=2a?(a*-2a^*)=0, .\a=^0, x=~> 
-— =2a2— .I2a:2-_2a2_5^2— «.4^2^ a negative result, 
.*. u is a maximum, and the area is a maximum when the 
two sides ape each =—7=. 

£ 2 
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(10.) Wliat fraction exoeeds its n^ power by the greateiat 
number possible ? 

Let s be the fraction, then «=dp— ^, ---=:1— w«*"*=0, 

as 

V « 
*2 1 

— j= — «(n — l)ir*"2= ^fi(n— 1) • — j^ » which is negative, 

.*. tt is a TnATiin^Tn- X 

Ans. 




V n 

(11.) Within an angle BAC a point F is given, through 
which it is required to draw a straight line so that the 
triangle cut off by it shall be the smallest • ^ 
possible. 

Let P^' = a, AN=zb, A D =: a, then 
JV2> = ar-6, N D : P N :: AD \ A E ox 

x^h : a :: X : AEy :,A£=: =. 

x — o 

Now area AJ)AB=-r-AJ)-AEeiaA=:'-;X r sin^l, 

2 2 x — o 

_ x^ du_ {x'-'h)2x-a^ _ a^—2bx _ x{x'-2h) _ 
''""^J^h ^"" (x^bf " {x^bf ~ {x-^bf ~^' 

^2^ _ (^_5)2, (2ar-25) - {x^- 2bx) . 2(ar~6) 
"5?- (ar-6)4 

2(^-6)g-2(a:g-25ar) _ 25^ _26a_ 2 
"■ (ar-*)S ""(ar-^)*-^""^^' 

a positive result, .*. the area is a minimum. 
Since ^Z) = 2-4 J\r, :.DE=:2I)F, /. the line must be 
so drawn as to be bisected by the given point F, 
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(12.) From two points A, £, to draw two straight lines to 
a point Z' in a given line 0^, so that AP-^BF shall be a 

•miTiiTTinTn . 

Let be the origin of co-ordinates, and the given line the 
axis oi X. 

Let OP=x, and let the co-ordinates of -4 be a, b, and 
those of J? be a,, 5,. Then 

A P=: VAM^+PM'^z= ^i^^(a-ay, 

.-. u=AP-^BP=i Vl^-^iic-df-^ v^5 2+ (a, -a?)2, a minimum, 
du_ x—a a,— a? _ 

ar— a a.—a? 



MP NP 

(13.) K the length of an arc of a circle be 2 a, find the 
angle it must subtend at the centre so that the correspond- 
ing segment may be a maximum or TniTiimnm. 

Draw CD bisecting the arc, and let x be the 

radius, then -= Z ACD, ' ^ 

X 

Now area segment i!iZ>i?= sector ACB^ A AOB 

=- radxarc— -^x^maACB 

1 . ^ . ACB ACB 

= flW?— - iT. 2 Sm — jr— cos — jr— 

.'. u^ax—ar am - cos -> 

X X 
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_=«-^am-(-sm-) (- ^)-*^C08-cos-(- ^) 

ft . « <* 

— 2a? Sin — COS — 
=a— asin^ — l-acos^ jpZsin-cos- 

X X XX 

=a— a+2aco82 arSsm-cos- 

XXX 

=2 cos- (a cos arsLa-) =0. 

iF\ a? 0?/ 

Take cos-=0, .•.~=^' a?=— * and the segment is a -© 

. a 
sin — 
a . « X . d ^ 

Take a cos - = a? sin -' .*. = tan -> 

XX a X X 

cos— 

;, - = 0, .'. a? = 00 and w = Tniniimim. 

(14.) Within a given circle to inscribe the greatest isos- 
celes triangle. 

Let radius OA^a, AB-AC-x, BC::^^y, 

AB>AC'BC sfiy 
BD^y, ThenA=— p^^-=2^> 




BC'AD BC^/TW^BIP r^—h 

Also A= ^ = 2 :=Ly^{i^^y\ 

2i(JL 

a?*=4aV-4aV, 4aV=4«^^-^> 2ay=irv^4a2-ar», 

.•.y=5-dFV^4a2— a?*, 
^ 2a 
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'Now A = •— a^v= -— ofi • TT- X vJa^ZT^ a maximum. 
2a 2a 2a 

Put w=a?«(4a2-ip2)=4aV-jp8, 
^=24aV~8aJ^=0, /. 8a:7-24aV; 

J5(7=2y=-a>/3v/4a2ll3a2=a\/3, and A is equilateral. 

(15.) Of all equiangular and isoperimetrical parallelo- 
gramsy show that the equilateral has the greatest area. 

The perimeteris of the figures being all equal, the perimeter 
of each may be considered as one line, and the proposition 
then resolves itself into the following. " To divide a given 
straight line into two such parts that the rectangle contained 
by those parts shall be the greatest possible.'' 

Let a be the line, a one part, then a— ^ is the other, 

x{a—3o) is the rectangle, and te=ajp— o^, a maximum. 

-=a-2^=0, ..^=-. 

/. the line must be divided into two equal parts, and the 
parallelogram will be equilateral. 

(16.) Of all triangles on the same base and having equal 
vertical angles the isosceles has the greatest perimeter. 

Let a be the base, a the vertical angle, x and y the two 
sides, then u =a+iF+y=a maximum. 

2cosa-d?-~-l-2ycosa=2ir-i-2y~-; --;rcosa4-ycosa=:r— y, 

.'. — (a?— y) cos a=a?—y, .*. a?— y=0, 
/. a7=y, and the A is isosceles. 
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(17.) The segment of a circle being given, it is required 
to inscribe the greatest possible rectangle in it. 

Let BA D be the segment, radius = a, p^^^-^:-,.^ 
A M=.Xy draw A through the centre per- /I H \ 

pendicular to PM or BD. Let ^C7=^. 

Then PJf2=(2a-ar)a?, Euc. B. iiL p. 35. 

.-. PMzz: ^%ax-{fi, MG^ h -a?, 
Area rectangle =ifC.2Pif=2(6— x)v^2aiF-d?2. 
Put tt=(6-.a?)2.(2aa?-d^0, 
^=(5-a?)2(2a-2;F)+(2(M?-a^.2(^-.a?)(-l)=0 

/. (6—0?) (a— iF)=2aa?— d?^, ah—ax—hx-^a^^^^^ax—x^, 

2^-(3a-h5)^=--a^ ^- !^^=-^, 

3a + 6=4=V^9a2-2a6+62 



4 
(18.) To cut the greatest parabola from a given right 
cone. 

Let BD—a, AD=ihy BC=:x, CD=a'-x, 
Then v BN'DM is a circle, and MC—NC, 
:. MC^^BC^ CD, MC^ '/ar(a-a?), 
ifiV'=2v/aar-a^. 



Also BD : ^2) :: ^C : PC, :.PC= 




BD "a 

Area parabola=- PC* MN^- — • 2 '^ax—x^, a maximum. 
6 o a 

Put u:=a^{ax—aP)^(Jufi—a^, 
^=:3a;r2-4^=0, .•.4a:»=3(w2, a?=ya. 

-rr5= — T ^^j which indicates a maximum. 
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(19.) Within a giyen parabola to inscribe the greatest 

parabola, the vertex of the latter being at the bisection of 

the base of the former. 

Let BAChe the given parabola, L its latns rectum. 

AD=a, BD^h, DF^x, FF=zy. 

o 2 

Area parabola =-.2Pir.iri>=~.2yar. 

Now *.' the square of any ordinate to the axis = the rect- 
angle under the latus rectum and abscissa, 

y2 a — X b / 

• — =— T=va— or, 




;. area parabola = -=.x*^ a-^x. 



w 

Put tt=ir* (^~*) = fl^— «*> 

^=:2adr-3a^=0, .•.3a^=2aar, dP=xa. 
ad? o 

(20.) Inscribe the greatest cylinder within a given right 
cone. 

Letui^Cbethe cone, uii)=a, BB^h, DNz=:x, PN^y, 
AN^a—x, 



Volume of cylinder = j 



^>{2PNf.FD=iry^x. A 



.iJD : ^D :: AN : PiT, , ^ 

AV 

y =- (a— d?), .*. cylinder =ir • -g (a —xfx. 

Put u={a'-'xyx=^a^x--2asfl'\-sfi, 

---:=za?'-^<ix+Zxi=Of /.S^— 4(M?=— a^, ar=aor-« 

ft / a\ 2 , ,. ^ 4ft2 a 4xaft2 

^=ar-3) = 3^' cyhnder=x.— .^=-^^ 
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(21.) If the Yolume of a cylinder be a, find its form when 
its surface is the least possible. 
LetulJ5 = ar, BG^y. 
Surface = convex sur&ce + 2 area of base 



Volume =a=J5(?2.-.uiJ5=--iry2, .'.0?= — 5 
4 4 "^ iry^ 

Hence tt=x — 2^+0^ ="~ + o^ ' 
x^^ J -. / 



</m 4a ^ 






64a»_ 



64a3 4 a 



^/ 



16a2" 



— » 

X 



or altitude = diameter of base. 

d^u Say 8a . . _ ., .^ 

-T-^= — f + x=— 5+x=-f 3x, a positive result, 
dy^ y^ y^ 

.*. the sur&ce is a minimum. 

(22.) The latitude of a place and two circles parallel to 
the horizon being >^ven ; to determine the declination of a 
heavenly body, whos^N^parent time of passage from one 
circle to the other shall beSi minimum. 

Let F be the pole, £ the z^i^h, S, St iAie positions of the 
heavenly body on the parallel Cities, the polar distances 
FS, FS, being equal, 

z ZFS^F, ZFS,=F,, pokr distance FS or FS,=zx, 
arc ZS=za, ZS^=^a,y latitude =/; declination =^ ; then 

'.* the passage along the arc SS^ is the shortest possible, 
.*. the angle SFSt= a minimum, 
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dSFS^_d{P,^F) dP,_dP 



^ dP cots 

But-p-= : y 

dx Eonor 

cot S cotS^ 



Again cos^: 



Eon^ sin^ 

sm/— cosacosd? 



smasinor 




sin/— cosa cosa? sinZ— cosa, cosa? 

.*. : = : ■ ' 

sin a sma, 

cos^= •sin/. 

cos ^(a,-a) 

And' *.' the declination is the complement of the polar 

distance, .*. suiS= = -sin/. 

cos 2 («.-«) 

Cor. If a=;r> and a,=~+2<]7, this expression becomes 

sin^=— tan^sin/; and if the heavenly body be the sun, 
and 2(2=18^ nearly = his depression below the horizon 
when twilight begins in the morning or ends in the eyening, 
we are enabled to determine the time of shortest twilight by 
means of the analogy rad : sin lat :: tan 9° : — sin^, where 
the negative sign indicates that, if the latitude Joe north, the 
declination will be south, and vice versa, 

(23.) The centres of two spheres (radii r^, r,) are at the ex- 
tremities of a straight Hue 2 a, on which a circle is described. 

F 
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Find a point in the circumference fh)m which the greatest 
portion of spherical sur&,ce is visible. 

Let J? and y be the distances of 
the point firom the centres of the 
two spheres; draw tangents UA, 
JSJB, ED, EF\ join AB, DF. 

Then, of the sphere (7 the portion 
visible is the convex sur&ce of the 
segment A HB S, whose area = height ffS x circumference 
of the sphere. 

Now a : Vi :: r^ : OS, :.CS=—* .'.height of segment 
=ri ^:=^ffS, circumference of sphere = 2 Trrj, 

Of 

.'. 27rri Ivi -j = visible portion of sphere C; and similarly 

2TrrJr^ ^j=visible portion of sphere c. 

Hence 27r<rif ri ^) +^8(^a —) i=whole visible surfiace. 

Put «=ri2- ^ -f r,2- — > then 

X y 

du_r^ * dx __^ -t^^^!^^, 

dx a^ y^ ' " a^ y^ dx 

Buty=v/4^5=^, :.±=^—J=. 

dx v^a^—ar^ 

Hence ^1=^ ^===_i:^. 



A 


S/ 




62~n2' 



MAXIMA Ain) MINIMA. 51 

(24.) Of all ellipses that can be inscribed in a rhombus 
whose diagonals are 2 m and 27z, show that the greatest is 

that whose major and minor semi-axes are —=. and — = 
^ -/I >/2 

respectively. 

uiJ5(7i> the rhombus, OG—m, OjB=in, 
a and h the semi-axes of the ellipse. 

Let OI^=za, ^P=y' Then by the 
properties of the ellipse 
OG^ON^a\ OB^NF^y^, or m-x 

(c^ y^ €? ^ 
•'•"o+7^=--5H — o=li • • • (1)> where a and ft alone 

must be considered as variables. 

But, area ellipse z=iTah=. a maximum. 
Rejecting the constant ir, and differentiating this and 
equation (1), we have 

, dh ^ a h dh ^ 

da 7f? v? da 

a 1 b 1 m n 

w v2 • « v2 V2 -/2 

(25.) If M=a?*-8a:»+22a^^— 24a:-|-12, find the values of a? 

which render u a maximum or a miniTinnTn, 

Arts, When ir=3, w is a minimum, 

Of =2, tt is a maximum, 

j?= 1, tt is a minimum. 

(26.) Find when a^^6aP+9x-^lO is a maximimi, and 

when it is a minimum. ,^p^ o • 

When 4?= 3, te is a minimum, 

ar= 1, t« is a maximum. 



v 
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(27.) Find the maxima and minima values of the fimction 

wnen a?=-5-» t« is a TnmminTn. 
oa 

h^ . 
d?= — ^-» M IS a maxmimn. 
oa 

(28.) ««=7 TT* ascertain when u is a TnaxiTmiTn and 

^ ' {a—ocf 

when a TnininrnTn. ___ a , . 

Wnen 4?= —a, w= -- ^» a nmmnum, 

0?= 4-^> t«=oo , a maximum. 
1 
(29.) M=iF*; find when «* is a maximum. 

a?=e=:2 -71828 &c. 

(30.) M=7 -^; determine when t« is a maximum and 

{x-\-2y 

when a minimum. *= --2, m=:oo , a Tna.xiTmmn^ 

d?=:0, ««=6|, a miniTmiTn 

(31.) u=za:-\- Va2__25ir-h2^^ when is w a maximum 1 

when ir=rrY» w=^rr+^> a maximum. 

(32.) tt= — , =; show that w is a minimum 

when a?= A / ' 

V 2 

(33.) tt=seea7+coseciF; show that w is a minimum when 

TT 

4 '*^'V^>'t.. ^' * 



(34.) In a given triangle to inscribe the greatest -paMfci» 
lelogram. 

Ans. Side of parallelogram = ^ side of triaugle. 

(35.) A column a feet high has a statue on the top of it, 
the height from the ground to the top of the statue is h feet ; 
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find a point in the horizontal plane at which the statue sub- 
tends the greatest angle. . /-Ti* , /. .-, -, 

° "^ Ans. vab feet from the base. 

(36.) Show that the difference between the sine and 
versed sine is a Tnayimum when the arc is 45**. 

(37.) Let A C and JBD be parallel, and join 
AD; it is required to draw from a straight 
line so that the triangles JSOD, AOC together 

shall be a TniniTmi-m . 

Jjet AC=a, AD=zh, AO=zx; then 0?= a/F. 

(38.) The base and vertical angle of a triangle being given, 
show that when it is isosceles its area is a maximum. 

(39.) A farmer has a field of triangular form, which he 
wishes to divide into two equal parts by a fence ; find the 
points in the sides of the field from 'vrhich he must draw the 
line, for his fence to be the least possible expense to him. 

Ans. If a, hfChe the sides, the distance of each point 

from the angle C is a/ — -, and the length 



of the fence ib ^tz3+3^±f:±) . 



(40.) If the greatest rectangle be inscribed in an ellipse, 
the greatest ellipse in that rectangle, again the greatest rect- 
angle in that ellipse, and so on continually ; show that the 
sum of all the inscribed rectangles is equal to the area of any 
parallelogram circumscribing the given ellipse. 

(41.) Prove that the greatest area that can be contained 
by four straight lines is that of a quadrilateral inscribed in a 
circle. 

(42.) Inscribe the greatest ellipse in a given isosceles 

triangle. . 2 

Ans, Major axis i=- altitude of triangle, 
o 

p 2 
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(43.) A tree, in the fi>rni of a firustrmn of a cone, is 
n feet long, and its greater and less diameters are a and b 
feet respectively ; show that the greatest square beam that 

can be cut out of it is r-; rr feet long. 

3 (a—*) 

(44.) Describe the least isosceles triangle about a given 

circl|. The triangle is equilateral. 

(45.) To inscribe the greatest right cone in a given sphere, 

whose radius is r. 

f 
Distance of base of cone from centre of ^here =- • 

(46.) If the polar dianieter of the earth be to the equato- 
rial diameter as 229 : 230 ; show that the greatest angle 
made by a body falling to the earth, with a perpendicular to 
the surfeoe, is 14' 58", and that the latitude is 45** 7' 29". 
See ^g, ex. 9. page 84. 

(47.) In a parabolic curve, whose vertex is A, and focus 
Sy find a point F, such that the ratio A F : SF shaU be a 
maximu m , j^p ^ ;sp - 2 : -/S. 

(48.) Inscribe the greatest parabola in a given isosceles 

Altitude of parabola = j ^t;itude of triangle. 

(49.) If in a circle, whose radius is r, a right-angled tri- 
angle be inscribed ; show that, when a maximum circle is 
inscribed in the triangle, the area of the triangle is r^. 

(50.) Inscribe the greatest cylinder in a given prolate 
spheroid. 

(51.) Eequired the maximum and minimum values of u 
in the equation w^—a^^-f a?*=0. 

(52,) u=- — zr ^ fi^cL the maximum and mininrnTn values 

COS**d? 
of M. 
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(53.) Show that the greatest paraboloid that can be in- 

2 

scribed in a given right cone is ^ of the height of that cone. 

(54.) tt=^^'~^*; show that when u is a Tnaximiim, 

(55.) Find that sphere which, being put into a conical 
vessel of given dimensions, will displace the greatest possible 
quantity of fluid. 

(56.) Two circles of given radii intersect each other ; find 
the longest straight line which can be drawn through either 
point of intersection, and terminated by the circumferences. 

(57.) If a tangent to a great circle of a sphere measure 5^, 
and a perpendicular to a tangent meeting the great circle 
measure 4 feet ; show that the volume of the sphere is to 
the volume of its greatest inscribed semispheroid as 27 : 16. 

(58.) Find what values of x make (a?— 2) (x+S) (5— j?) a 
maximum or TniTiimnm^ and distinguish the one from the 
other. 

(59.) Inscribe the greatest cone in a given hemisphere 
AJBC, the vertex of the cone being at A. 

For other examples and solutions see chap. xL 



IMPLICIT FUNCTIONS OF TWO VABIABLES. 

If u=:f{iv, y)y u being an implicit function of the two 
variables a and y, by putting -7-=:0, we shall And the 
values of x which render y a maximum or TniniTmim . 

By Bubrtituting the particular value of * in (g i- g) . 
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if the result be positive, y will be a TnaximuTn ; if negative, 
a minimiun. 

Ex. (1.) Let u=a^^3a^a:-\-^=^0 ; determine the maxi- 
jnum and TnininrnTn values of y. 

Differentiate with respect to a, considering y constant. 



-T-^ = 6 a?. Differentiate the given ^inction with 

respect to y, considering x constant. 

du 

-— =3y2. Substitute the values of a? in «. , 

dy 

a»-3a3+y8--o, ;.5^=2a3 y^aVl, 

<f2tt <f« 6a? 6a . V2 

.'. r-^= = ^=H > a positive re- 

dsfi dx 3y2 3a2.2» a 

suit, :,y^a V2 is a TuaTriinuTn. 

d^u dy 6x —Qa V2 

:--i= = - = > g negative re- 

dx^ ' dx 3y2 3a^2* a 

suit, :.y=;-^a V2 is a miniTnum. 

(2.) M=a:5— 3(wy+y*=0; show that when a?=0, y=0, 

a minimum ; and when x=^aV2, y=ravi, a maximum. 

. (3.) 4;ry— y*— j?*=2 ; show that when x=^ +1 or — 1, 

y = -|- 1 or — 1, neither being a maximum or minimum. 

^ (4.) y2_3==_2;r(^+2); show that when ;r=l,y= — l, 

neither a maximum nor a minimum ; but when ^= — ~ ^ 

y=2, a TTfift-YinnnTH, 
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CHAPTER VIII. 

FUNCTIONS OF TWO OR KOBE YABIABLES. 

If u=/(ar, y), x and y being two variables independent 
of each other, then 

d^u __ d^u d^u ^ d^u d^u d^u 

dydx" dxdy dy^ doT'dx dy^ dy da^'^da^ dy 

- „ d^'^u d^^Ui 

In a ftinction of any number of Tariables, the order of 
differentiation is indifferent* 

The total differential of two variables is equal to the sum 
of the partial differentials ; or if ussf(pp, y), 
du\ , /du\ 



^•=(i)*+©*- 



dy/ 

d^t£ d^u 

^^^^Ti: <^+n -^ , . daf^'^dy 
daf^ daf^'^dy ^ 

n(n-^ d^u ^-2^0. 
+ 1.2 daf^-Uf"^ dy^&o. 

d^u 
Ex. (1.) Let u=za^y^ : find du, and -z — 7- • 
^ ' "^ dxdy 

To find the partial differential coefficient (;t-)^ consider 

y constant, and differentiate with respect to or ; and to find 

(-7-), consider x constant, and differentiate with respect 

to y. 
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To find , , or -^ — -t differentiate (-7-) considering a; 
dydx dxdy \ax/ 



constant, or differentiate (—) considering y constant. 






\dyl 

du^ (J) ^+ © dy^^x^yHx^-^yofidy 
•=^s?yi^ydX'\-^xdy\ 



dydx dxdy 



(2.)«=^; findi^ 



a^—y^ ' dydx 

/du\ _ (j?g~y2)-2d?~(a^^+y^'2ar _ _ ixy'^ 
[dx)" {o^-yY "" {^-yY 

d^u _ (x^-^y^^>Sxy'-4:xy^'2{a^-'y^ (-2y) 
dydx'^ (^-y2)4 

_ Sxy{x^-y^+l6xy^ _ Safiy-^Sxy^ 
— ft ^+y^ _ d'^f^ 

TO 

(3.) t«=sin-^ -; find (fii, and 



y ^ ' dydx 

1 <fw 1 

sinw=-ir, cosw-7-=-j 

y dx y 

(^M\ 1 __ 1 _ 1 
rfor/ y cos M ""«-/!— sin^M"* .A! ^ 

^ yVl-3 



y^ 
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X 

Again smu=:-' consider x constant. 

du X 

COSM.— = rJ 

dy y^ 

/du\^ X ^ ^ «. ^ 

"{dy/" y^cosu^ y^A/1— sin^w"" y\/y^—g? 

Hence rf«=(g)eto+(g)rfy 

Vy^—a^ y Vy^ ^a? y vy^ —x^ 



d^u _ \/y2-_^^ ^y ^ d^u 
dydx y^— d?2 (j/^—x^^ dxdy 

(4.) u = o o ^ fiDid <ft«, and sihow that 

rf^t^ _ 2d? __ d^u d^u ^ ^xyz ^ d^u 

dxdy^a^—z^~'dydx dxdz^ {a^—z^" dzdx 

d^u 2sfiz d^u 

and 



dydz {c^—z'^Y dzdx 

d^u __ ^^^ __ d^u ^ d^u 
dxdydz" {c^—s?^ dzdydx dydxdz 

First differentiate consideijag y, z constant ; then consi- 
dering Xy z constant ; and lastly considering x^ y constant. 

du 2xy du a^ du 2a^yz 

dx^c^—z^ dy^a^^z^ dz^ia^—z^Y 

du\ - /du\ y /du\ 



^"=©^+Q*+(e)^ 






^1:12*^+ ^11^'^+: 
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Now -T-= , ^- » Consider x. z constant, and differentiate. 
ax a^—z^ 

cPu _ 2x 
dxdy^a^—z^ 

Consider z constant, and differentiate. 



du 



dy a^—z' 



Consider y, z constant, and differentiate* 



d^u _ 2x d^u _ 2x _ d^u 

df/dx'^a^—z^ dxdy^ €?'—z'^'^dydx 

Again — = ^ ' ^ • Consider a?, y constant, and differentiate. 

rf^M __ — 2a!y«(— 2;2r)__ \ixyz 
dxdz" {a^^z^^ ""(a2_^2)2* 

du 2sfiyz 

d^u _^ ixyz d^u __ 4:xyz _ d^u 

dzdoT" {^—z^ dadoT" {c?—z^'^ dzdx 

Again —^nz—^ ^ Consider x constant, and differentiate. 

dydz" {a^^zy ""(a2-;2r2)2' 

T-= / n «>vo • Consider x, z constant, and differentiate. 
dz {a^'-z^^ 

d^u 2a^z „ d^u 2ofiz cPu 

Hence -= — 7- =7 



dzdy (a^—z^ dydz (ofi—z^ dzdy 

Now , , =--^ a • Consider x. y constant, and differentiate. 

dxdy a^—z^ '^ 

d^u __ — 2a?(~2;g) _ ixz 
dxdydz'' {a^-z^^ ^{a^-^z^^ 

-y—f^ t 2_ 2\2 ' Coi^<i«ry,4f constant, and differentiate. 
d^u ixz 



dzdydx {ffl^-z^^ 
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Consider a constant, and differentiate. 



d^u _ —2x{—2z) __ ixz 
dxdyda^ (a^^z^ ''{a'^^z^^ 
d^u ^xz d^u d^u 



Hence 



dadydz^i^—z^^ dzdydx dydxdz 
(6.) u=^a?y^ ; find duy and sihow that 

d^u rt a ^^^ 



dydx dxdy 

(7.) w=--8> du-rz-^i^ydx—Zxdy), 

(8.) M=aryj du^=^xy\^-dx-\\Q%xdy\y and 



dydx \x X i dxdy 

.Q . _ • ^' ^^^ _^ • a? a? x^ d^u 

^^ " y^ dydx^^y^ y y^ y~'dx^dy' 

(10.) u =zy sina? + x emy ; show that 

d^u d^u 

-=— y-=cos;r -I- cosy = -T— 7- • 
ayctx ax ay 

(11.) w=sm(a?^y)j show that 

1^=2^ {cos(^y) -^y sin (^y) }=^. 

(12.) u=Tr^^i show that 

^ ' 2x+z 

d^u 2x d^u d^u 



dz^dy {2x+zy dydz^ dzdydz 

d^u _^2y{z—4:x)^ d^u ^ d^u 
dxds?''^ (2d?+4r)^ ^ dz^dx'~ dzdxdz 

G 



S2 euler's theobeh. 

(13.) tt= —y find^f^. and abow that 

dydof (d? H-y)* flfcpdly 

(U.) tt={(a-ar)2+(ft-5')H(<?-^)2}"*i show that 

rf2|^ d^^ d^u 
dufi dy^ dz^ 

(15.) tt=Biii"i £1 j fijid ^1^^ aiwi show that 

<^^^ _ 1 _ d'^u 

dydx y* (2 J? — y) i dxdy 

(16.) M=Biii-i^--^i show that 

2 , , . . rf2« 2(^-yg) d'^u 




^/ CHAPTER IX. 

euler's THEOBEll FOR THE INTEGRATION OF HOMOGENEOUS 
FUNCTIONS OF ANY NUMBER OF VARIABLES. 

If tt be a homogeneous algebraic function of n dimensions 
of any number of variables x, y, z, &c,, then 
du du du . 

Ex. (1.) u= 7^ ; here n=-^. 

a?+y 2 

^^^ (a?+y)'iJ?"^-(j?^+y^) <fM_ (a?+y)'iy^-(^*+.y^) 
da {a:+yy ' dy^ (^+y)2 
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(2.) «=sin-i f^)*i here n=0. smtt=^^^5, 

co8tt-r-= ^- —-I-^ 

(to a?+y 



<to *y2y'{x-^y)^x—y 
Similarly — =- 



<fy ^/2y{x-\-y)Vx—y 

.:AA= ^^-'^^ =0. 

<to ^y v2y(a?+y)Va?— y 

(3.) tt= -/i^Ifr? ; here w=l . 

(4.) «=(ar+y+;2r)2; here«=2. 

^ du , du du ^ 

/ex ^y^ . T. A du du ^ 

(5.) M=— — > heren=3. ft?-T-+y-r— 3w. 

a?+y dx ^ dy 
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CHAPTER X. 

ELIMINATION OP CONSTANTS AND FUNCTIONS BY 
DIFFEBENTIATION. 

Ex. (1.) Let y — oai^H- i =0 ; eliminate the constants a and h, 

dx da: 2x 

Substituting this value of a in the given equation, 

V r-'« + ^=0, an equation firom which a is eliminated. 

dx 2 ^ 

To eliminate h, take the equation ~-=2flwp, and proceed 

to the second differential coefficient. 

--§=:2a. But a=-f--^f 

dor dx 2x 

d^y dy \ . « , . i i « 

.'.-7-^=-~'-> an equation from which a and 6 are 

both eliminated. 

(2.) y^—ax—haP=0 ; eliminate a and 5. 

2yg=a+2J^, .•.a=2y^-2&^. .... (1) 

Differentiating again, we have 

Substituting from (1), (2), the values of a and h in the 
given equation, there results 

y^=2xy--^ —o?y -7— ~a^ f ^) , an equation from 

which a and h are eliminated. 
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(3.) Ify=asma?-f.68m2drj ^+5^+4y=0. 

~^a cosdp+22» coB2d?. -74.= —a sind?— 46 sin2iP, 

ax dor 

— ^= —a cosd?— 86 cos2;r^ 



-7-2 =a sin jp + 1 6 6 sin 2 d?. 
5 — =— .5a siiid?— 206 Edii2d^, 



^ •••S^»S-*-o- 



4^=4a siiid?+46 sm2d;. 
(4.) y=d5*+iw""; eliminates. 

dx \dx I m^^ 

Substituting this value of a iu the given equation, 

(dy A 1 dy , 

(5.)If.=^g)+^(^); ^.g-^g=0. 

Eirst, consider y constant, and differentiate with respect to 0^. 

i>2 
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Again, ^ ( -) + ^ (^). CoijLsider x constant, and differen- 
tiate "with respect to y. 

Hence ^^_/_=0. 
(6.) Let y:=zmcfi ; eliminate the constant m, and show that 

(7.) Let yza Vmx + « ; eliminate m and «, and show that 
(dy\^ d^y 

(8.) Let a+c(c^— y)=0 ; eliminate c, and show that 

(9.) Let ar^H — -y2=-: eliminate the constants a and ft, 

and show that xy 3-5+ a? (-r-l — y ~-=0. 

(10.) Let (a— l)(irH-5()— a?j^ + a = 0; eliminate a, and 
show that y2+y+l + («2+^+ 1)^=0. 
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(11.) Let ctanma?-— ysec97kr + a=:0; eliminate a and c, 
and show that -t4= —f^y • 

(12.) Let y =^ cosa? j eliminate the circular and exponen- 
tial functions, and show that y—'T' "" o j4' 

(13.) Let y=ncos(ra7+^) j eliminate a, and n, and show 

(14.) Let y = sin (log a?) ; eliminate the functions, and 

show that a?2-4+a?-/+5^=0. 

<wr ax 

(15.) Let y =:a^sin(3a7-)-^)i eliminate a and 6, and 

show that ^-4^ + 13y = 0, 

da^ ax 

(16.) Let (^— a)2+ (5^-/3)2= r^; eliminate a and /3, and 

(17.) Let y^=^-z —\ eliminate the exponentials, and 

show that ^2= 1 — — • 

ax 

(18.) Let ^^^(^'"y^i eliminate the arbitrary 

x-^y 

function A, and show that y-z — ha?-r-=m;:r. 

^ ^ dx dy 

1 y 

(19.) Let -d?;2f=0- j eliminate the ftinction ^, and show 

,- . dz dz - 



MAXIMA AND MINIMA. 



(20.) Let ^=^?- ; eliminate the function ^, and 



a?— a • 0?— a 



show that (y—h) -T-+(^— y) -T-=d?— a. 



CHAPTER XI. 

MAXIMA AND MINIMA. 
FUNCTIONS OF TWO OR MOBB VAMABLES. 



If « be a function of two variables w and y, then putting 
^"-A ^«-A ,^d^u dhi (dH\^ dhi dH 

having both the same algebraic sign, n will be a TnaxiTntim 
when that sign is negative, and a Tninirmim when it is 
positive. 

Jf, on substituting the particular values of s and y, de- 
termined by putting ^=0, ;t-=0, in the second differen- 
tial coefficients, these should vanish, then the third diffe- 
rential coefficients must also vanish, ix the function will not 

be a mft-ginmrnn or Tnininrmnri^ 

If us=f(s, y, z\ then we must put ;j^ = 0> T"^^» 

du 

-=- = 0, and we must have the condition fulfilled that 

QZ 



(dhi d^u 



d^u (dhi_\\ Cd^ud^u fdhi_\\ ^ 
dp^^Kd^ljid^df^Kd^Jf ^"^""^^ 



/ d^u d^u d^u d^u \* 
Kdi^dz da^ dxdy dxdzf 
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Ex. (1.) Let tt=a^+y*— 4rflkry2; find x and y when u is 
a maximum or miniTminn. 

Differentiate, first considering y constant, and theA 
X constant. 

:.afi=:ay^, y^:=z2ax, sfi=i2a^x, a^=2a^, 
/.a?=±a\/2. y^^2a^y/2-=za^y/8, :.y=:ay/8. 

g=12^=24a2, 

^=12y3-8ajr=12a2^/8-8a2v^=16a2v^, 
dy^ 

. d^u d^^ d^u - . XV 1 V • • r 

" -r-5'T-?> , , > and smce the algeDraic sign of 
{kc^ dy^ dxdy 

d^u d^u ... V /— 4/— 

-r-g 8.nd — -J is positive, d?=ftav2, andy=adiv8, give 

t«= a TTllTIITmiTn. 

If we take the values a=0, y=:0, then --7,=0, and 

du!^ 

d^u 

-7-5=0, and also the third differential coefficients 

d^u d^u 

da^ ^^* ^' d^ ^ ' 

Hence also x=0, ^=0, give «= a miTiinniiTn , 

(2.) To determine the greatest right (5one that can be cut ' 

out of a given oblate spheroid* 

Let ABDE be the ellipse which generates the spheroid^ 

a, h its semi-axes, CN^x, NP=y^ radius of base of cone. 
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Then y^=-2 (^^""^> equation to 
ellipse j and 

V altitude of cone =j4iV=aH-a?, 
and 7r^= area of base, 
.'• its volume v = J ^y^. (« + ^), a maximum, 
.•. y\ (a 4- a?) = a ma.xiTnum, 

/.$^=:-~ ^, . .--\/a2— ar'. But, diflferentiating the 

equation to the ellipse, y=— v^--^, we have 

a 

dy h X 



dx a Vo^Zrp 
Va^—x^ X 9 9 o / . \ 



Hence v=-7r3/2. (a+ic)=^7rft2 -:!^.^^^2, 



8 ,« 4a 32 

=-8r 

(3.) Let M=a^+3^— 2(^— y)2 ; find the values of 4? and y 
which render u a maximum or Tniuimum. 

^=4y8+4(;r-y)=0, y8+(«^y)=0, 

«»=:-y», .-.arss— y, «»+«»— 2(«+«)=0, 

5^=12*2-4=24-4=20, ^=12y2-4=24-4=20, 



TWO OB MOBE YABIABLES. 71 

thfdy da^ dy^ dxdy 

d^u d^u , . 

algebraic sign of -7-5 and -7-5 is positive, 

.'. ic= ± \/2, and y=T ^^> • give u=z a minimum. 
(4.) Let «=a{sina?+siny+sin(:i?+y)}; show that m is a 
Tna.yinmm when ^=^=60°. 

— =a{cosa?4-cos(a?+y)}=0, — =a{cosy+cos(a?+y)}=0, 

,'. a=y, oo8a?4-cos(;»+y)=cos^+cos2af 

= cos^B + 2 cos^or — 1 = 0, 

C0s2a? + ^C0Sa?=-> ••.COS^=;r> 4?=60°=y. 

d^u 

-r-2=a{— sina?— 8in(iP+y)} = — a{sin60+sinl20} 

— =a{— siny— sin(a?+y)} = — a^/S, 

d^u V^ 

=a{ — sin(a?-}-y)} = —a sin2;r= — a sinl20= —a -^> 

/. -7-5* -T-o>-r-T-» and v the dgebraio sign of -^o wid 

d^U , , Za /rr 

-r-^ IS negative, .% t« = -^ v 3 = a maximnm. 

(5.) A dstem, which is to contain a certain quantity of 
water, is to be constructed in the form of a rectangular 
parallelopipedon ; determine its form, so that the smallest 
possible expense shall be incurred in lining its internal 
surface* 
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Let a* = its content, x = length, y = breadth, then 

y — 



— = depth. 



.a« 



s 



/.surface =w=:i»y+ 2 — 1-2 — > a minimum. 
X y 

du 2a* ^ i?i* 20* ^ 

,\a^y=za!y^^ i»=y, afiy:±^afi:=:2a^y ic=y=2*a. 

a* a» 2*a 

— =--j— = — . Hence the base must be a square, 

xy 21^0? 2 

and the depth equal to half the length or breadth. 



^ . <^M 4a» 4a8 ^ d^y ^ 



= 1. 



dxdy 

Hence tt is a Tni-niTrmnn. 



d^u d^u / d^u \^ 
dx'^ dy^ \dxdyl 
(6.) In a given circle to inscribe a triangle whose peri- 
meter shall be the greatest possible. 

Let r be the radius, and Q and two of 
the angles of the triangle ; draw BD X ^^ 
A G the base : then, Euc. B. 6. prop. 0, 

JSD 

C'a=BJ)'2r, :.a=i2r =2r sine, 

c 

c sin0 sin0 . 

a smd smd 

b _sinJ9_8in(?r— ■g)_ sin((9H-<^) 
a""sin6 sind "" sinC^ 




, sin(d + 0) ft 
.•.6= — \ ^ ^ «a=2rg 



sind 



i(a+0), 



Hence u=aH-cH- 6=2r {8in0+ain0H-sin(04-0)}, 

du 
^=2r{cosa+cos(eH-^)}=0, 
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^=2r{c(w^+cos(0+0)} =0, 

.•.cos0H-cos20=O, cos0+2cos20— 1=0, 

cos20H--cos0=-> .'.cos0=-> 0=60^=0. 

Hence the Z s are all equal, and the A is equilateral 

— =2r{ — sin0— sin(0+0)} = — 2r{sin60+ sinl20} 

= -2r-/3, 

— =2r{ — sin0— sin(0H-0)} = -^2ry/3, 

^^= — 2r{sin(0H-0)} = -.2rsinl20= —2r'-^— — r \/3, 

Hence the perimeter is a Tn«.YiTnum. 

(7.) To determine the least polygon that can be described 
about a given circle. 

Let 01, 0j, 08, . . . 0n, be the successive angles contained 
between the lines from the centre to the angular points of 
the polygon and the radii of the circle ; then if the radius 
be r, and the first of those lines be l, the area of the right- 
angled triangle whose angle at the centre is 0^ will be 

11 r2 

^rZsin0i=~r.r sec0i. sin0i=— tan0i j 

and similarly of aU the n triangles successively, into which 
the polygon may be supposed to be divided ; so that the 
entire area of the polygon will be 

_2 

— (tan0i+tan0,+tan03+ . . . +tan0„). 
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But tan0^=—taii{2ir—((9i H-djH- . . +6n-i)} = --taii(2T— ^), 

where ^=0i+0sH- • • • H-^»-i- 
/. tt=taiidi+taji0j4-tan084- . . — taii(2ir— 0i), a min. 
Now, differentiating with respect to d^ considering the 

others constant, and remembering that di is contained in ^j, 

the assumed sum of the series, we have 

du 

— =sec2di-sec2(2,r~^0=0. •'• Oi=27r-^i=0,. 

And similarly, any one of the angles is equal to the angle 
immediately preceding ; hence all the angles are equal, and 
the polygon is consequently equilateral. 

(8.) Of all triangular pyramids of a given base and alti- 
tude, to find that which has the least sur^Eice. 

Let a, b, c be the sides of the base, h the 
altitude of the pyramid, 6, ^, \//, the inclina- 
tion of the faces to the base. 

Then, if /? be a perpendicular from the ver- 

h h 

tex on the side «, sinfil=-> /.wir:-^— -=:A cosecd, 

p ^ sm6 

area of face =-ajp=-aA cosecO, 

:, area of the three £eu}es= ^A cosecd + -^hh cosec^ + -^h coseci^, 
2 2 2 

w=^A(acosec0-|-ft cosec^+ccoseci//) (1). 

Also, the base of the pyramid may be divided into three 

triangles whose altitudes are readily determined ; 

h aO 

V -;r=tan0, /. -7-=cot6, .'. altitude aO= A tan 0, 
aO h 

:. area AuiO(7=7ra.aO=^aAcot(9, 
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.'. area ba8e=^aA ootd+-^bh cot^+^rA coti//, 

ja ^ Jd 

and putting this area =m^, we have 
m^=-h{acote+bcot<l>+ccot\P) (2). 

JO 

From (1), -7-:= J — acosecdcotO— <:cosec\//coti//-7^[=0, 

du he ^ ^ , X . ^^) /. 

■-f=n) ~~^ cosec0 cot^— c coseci// cot \f/ -~- >=0, 

d\L 
:. a cosec 6 cot 6= —c cosec ;// cot »// -j-* 

aw 

5 cosec0 cot A = — <j cosec \// cot \//-j^> 

d<ft 

d\l/ d\L d)l/ 

a cosec cot 6 -5r- = — C cosec U/ cot li/ -77 • -r- > 

d(i> ^ ^ dd d(t> 

. J. d\l/ , .d}h d\L 

cosec0 cot A -7~= —c cosec;f/cot 4/ -j^' ~> 

a0 MO a^ 

d\L dw 

.'. a cosec cot — =^ cosec ^ cot 0-7^ .... (3). 

Prom (2), — ^=a cot 6 -f 6 cot ^ + c cot \p, 

2w2 
<;coti/<=— 7 acotO— 5cot0^ 

-c (1 + cot^v/.) ^=a (1 + cot^d), 
ao 

-C (1 +COt2^)^=6 (1 4- COt20), 



(^\// a cosec^^ 

dd'~ c cosec^i// 

«?;//__ ft cosec^^ 

J0~" c cosec^i// 



Substitute these values in (3). 
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acosecdcotd' 



c 



cosec^i// ^ ^ ccosec^i// 



.'. cot0cosec^=cot0cosec0^ 

COSd 1 COS* 1 

Similarly, by finding the partial differential coefficients 

-j-y -y-r> considering first i// and then d constant, it may be 

do axj/ 

shown that 0=\p. 

Hence 0=^=i//, or the fiices are equally inclined to the 
base. 

(9.) Bequired the dimensions of an open cylindrical vessel 
of given capacity, so that the smallest possible quantity of 
metal shall be used in its construction, the thickness of the 
side and base being already determined upon. 

Let a be the given thickness, c the given capacity, 
a;=radius of base inside, y=altitude inside. Then 

Whole volume v=7r (;r + a)^ • (y + a) , 

Interior volume <j=7ra?V> hence the quantity of metal 
V— c=7r(ir+a)^«(y+a)— c=a minimum, 
.'. (a? + a)^ • (5^ -f «) = a minimum. 

e 

^ , c I dy c 2 Trap c 

Buty=-«-5> ••:]r= '-o' •'• ; = — •» 

w OCT ax IT or x-\-a trar 

Whence a? =y= (-1 . Therefore the altitude must be 
made equal to the radius of the base. 
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(10.) M=a:3— 3aa?y-f y* ; find the values of x and y which 
render u a maximum or minimum. 

d?=a, y=a, w=a minimum when a is positive, 
and a maximum when a is negative. 
(11.) U'=iao^--hos^y'\-y^\ find the values of x and y which 
make u a maximum or minimum. 

(12.) w=flkrV""^y^"-^5^i ^^ *^® values of a? and y 
which make u a maximum or minimum. 



a a i» 



L« 



ir=^> y=-> «= j32 * maxmium. 

-) 

and y which render u a TTi< ^.Yin>iTm or minimum. 



(13.) «=(l----Wl-^±^); find the values of a? 



(14.) M=a cos^irH-^ cos^y, where y= j-f a?; find the^ values 
of coso? and cosy which make u a maximum or minimum. 

C08^d?=-± J ^ y C0S7/=-±- 



'2 2v/^H:6^ ^ 2 2^/'^^^ 

u=zjr (a-^b±L "^ a^ +b^f a maximum with the upper, and 

a minimum with the lower sign. 

(15.) Divide a given number a into three such parts a?, y, 

XV XX yx 
and Zy that -^ +-q-+^ shall be a maximum or minimum, 

Z O 'x 

and determine which it is. 

(16.) Inscribe the greatest triangle within a given circle. 

The triangle is equilateral. 
(17.) A given sphere is to be formed into a solid composed 
of two equal cones on opposite sides of a conmion base, in 
such a manner that its sur&ce may be the least possible : 
find the dimensions of the solid, and compare its sur&ce 
with that of the sphere. 

H 2 
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(18.) Show that the greatest polygon that can be inscribed 
in a given circle is a regular polygon. 

gj2 m2 ^2 

(19.) In a given ellipsoid, whose equation is — -\-j^ -f — = 1, 

to inscribe the greatest parallelopipedon. 

J£x,y,zhe the half-edges of the parallelopipedon, 

a b e 8ahe 

x^—=:7 y=^—=> «=-7=> w= — =-• 
-/S \/3 >/3 34 

(20.) To find a point F within a given triangle, firam 
which, if lines be drawn to the angular points, the sum of 
their squares shall be a TniniTnuTn. 

JI Ay £, C be the angles, a, h, c the sides of the triangle ; 

then (7P=i(2aH262_c2)i- 
o 

The point is the* centre of gravity of the triangle. 

(21.) Divide the quadrant of a circle into three parts, 

such that the sum of the products of the sines of every two 

shall be a maximuTn or minimuTn, and determine which it is. 



CHAPTER XII. 

TANGENTS, NORMALS, AND ASYMPTOTES TO CURVES. 

If y=/ (a?) be the equation to a curve, 

y'— y=-^ (af—x) is the equation to a tangent. 
If u=^il> {xy y):ssc he the equation to the curve, 
— (a/— a;)-h ;7- (y'— .y)=0 is the equation to the tangent. 
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The equations to the normal are 

. The taiigent=y /y/ 1 + (^)^ Normal=y zy^l + (^) ' 

Subtangent =y-7-' Subnormal =y -J- • 

The portion of the axis of y intercepted between the 

••11 ^y 

origin and the tangent is y—x—^y^. 

(ix 
The portion of the axis of x so intercepted is x—y—=XQ. 

Ex. (1.) Draw a tangent and normal to a given point P 
in the common or conical parabola. 
y^=4:ax is the equation to the curve, 

dx" ' ** dx"^ y 

Subtangent i\r5^=:y-^=|-=2a?. 

Hence to draw the tangent, let fall the perpendicular PNy 
take NT=i2AN, and join PT ; Pr will be the tangent. 

Subnormal NG—y-y-=z^a, 
"^ dx 

Hence to draw the normal, take IfG=z2AS, and join PG ; 
PG will be the normal 

(2.) Let y^=:a^-^x be the equation to a curve ; find the 
subnormal and subtangent. 

"^ dx dx ny^ * 

^ dx ny" * w^ ^ «y» '^ »wc 
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If «=2, ij^=.ax^ iV^=-> NTzrz^QCy and the curve is a . 
2 

parabola. 

(3.) Let i*=a3^— 3aa:y-fy*=0 be tbe equation to a curve j 

determine the subtangent. 

:. Subtangent NT=y^J^=^- 

if if 

. (4.) If^=4a(a;-J-a) be the equation to a parabola^ the 
origin in the focus ; show that the points of intersection of 
the tangents with perpendiculars from the focus are deter- 

V 
mined by the equations a5,= — a, y,=§ • 

aS' the focus, AS=:a, SN=ix, AN'z=zX'\-a, NP^y, 
y2=4a(a5-f a) . . . (1), eq°. to curve, 




dy 

y,--y=^(a,-«). . (2), eq^totan., 

dx "^ ^ « ^ 

y,= — -^a;, (3), eq^ to ppdr. fit>m origin, 

••• ty subtraction, y=-^x.-^x,+^x, (4). 

... dy 2a dx y v' «* 
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/2a , v\ 2a /^ \ 

(7+fa)^'=7(raH-^' 

4ag+/ =,y_l^_ _ 2a^ y_ 4aHy^ 
2ay ^'""2 y '^'^ y 2^^ 2y * 

1 
a 

(5.) The equation a5*y =a, which includes the common 
hyperbola, is said to belong to hyperbolas of all orders. Find 
the subtangent at a given point in the curve. 

a 



maf* 



. dx ani/*~^ an dx 



dy y^^ y""*"* dy maf^~^^y^^^ 

.•.Subtan.irr=v-3-= ;n— z= 7n'^= ^' 

^ dy moif^^^ y* rnaf*"^ m 

(6.) Given two points A and £, find the locus of F when 
the angle FBA is double of the angle FAB, and draw an 
asymptote to the curve traced by F, 

A the origin, AB=:a, AFz=zx, J^F=y, A=ze, B=z2e. 
FF y ^ ^ FN y , « , o . 2tan(9 

2.1 



. y a? _ 2a;y 

" a—x - ^ ic^—j^ 
a? 
:, y^=iZaP—2ax, the equation to the curve. 

Whence, if y=0, a;= 
curve will pass through 0. 




2 2 

Whence, if y=0, a=o«> a^d taking AO^^AB, the 
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The origin may be changed to by putting a?,=Oir, and 
substituting the resulting yalue of or in the equation to the 

curve; whence y=dia5(34-— ) , 

y=±a;{3*4-2-3 *•-+— ^ 3 ».(-.) --&c.| 

= ±3'a5±— thP — -qz — qi&c. 

3* 2.34a; a?8 

.*. y=±a;v34:— -;= is the equation to the asymptote. 

Ifa;=0, y=±-^> ify=0, «=^J' 

/. -7-= >/3=tan 60°, and the Mymptot^ cuts the axis of 

a; at an Z of 60®, and at a distanA= — - from the point 0, 

(7.) If y2= be the equauon to a curve ; find the 

equation to the asymptote. 

;.y=±a:(l+f+^+&c.) 

/. y=: ± (a? -ha) is the equation to two asymptotes, and •/ 
if a;=0, y=a, .*. an asymptote cuts the axis of y at the 
distance a from the origin; and v ify=0, aj=— a, .*. an 
asymptote cuts the axis of x at the distance —a from the 
origin. 

Again v ^=±1= tan 45° or tan 135° .'. these asymp- 
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totes cut the axes at an angle of 45^, and are consequently 
at right-angles to each other. 

Putting a5=a in the equation to the curve, we have 

y2^— , ory=-^=oo, 

.*. there is another asymptote parallel to the axis of y. 

(8.) If y— 2=(a;— l)\^a;--2 be the equation to a curve; 
find the point and angle at which the curve cuts the axis 
of Xf and the values of x and y when the tangent is perpen- 
cular to that axis. 

Ka=0, y-2=-\/Il2, /. y=2-\/^. 

Ky=0, (a;-l)V«i:2 = -.2, {a?'-2x+l) {x-2)=zi, 
ib8— 4iB2+5a;— 6=0, 
a^—3iB2_-aj2+3a;+2aj— 6=0, 
ica(aj_3)-.a;(aj~3)-f2(a;--3)=0, .'. aj=3. 

-f^=(a;— 1) 7==+ v»-2= ; = — 7=. 

Hence, if aj = 3, — = tan6 = — 7=z= = -=2, and the 
db 2v^3^ 2 

curve cuts the axis of a? at a distance 3 from the origin, and 

at an angle whose tangent is 2. 

Again, ifa=2, v^a— 2=0, .-.^-2=0, y=2, 

dy 3aj— 5 6—5 1 , ^ 

-^= — = =-=00 when a;=2. 

dx 2Vflc— 2 

Hence the tangent cuts the axis of a; at an angle of 90°, 
or it is perpendicular to that axis when a;=2 and y=2. 

(9.) If from any point P in an ellipse a straight line be 
drawn to the centre making an angle with the normal, 
and if Z be the inclination of the normal to the axis major ; 
1. XI- X X . tan;(a2-^,2\ 
show that tan 0=-y--V2T — or* 
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Let CA=a, CB=h, GN=x, NP=zy, 
/ CPG=e, C6P=l. ^ 

y*=-j(a'— 85^=6* Y> eq".to ellipse. 




NoJ'cirJ^, 



by a property of the ellipse, 



*-^=]fe=&=fe 



'-A^i, 



also •-=tanPCiV=-5tan;, 

tan8=tan (PGN--PON)^- — - — -^.^ ^ — =-^^ 
^ ^ l+tanP(7i\r.tanP(7ir 



iasiCGP^-iBSiPCJ^ 



tan^ rtan^ 



l+tan(7G^P.tanP(?ir , ^ , ^2^ , 
l+tan««-;rtan^ 

_ fl2tanjf-^>2tan? __ taii^(a2~.^2) 

(10.) Prom the centre (7 of a circle a radius OP is drawn 
cutting the chord BJD in M, MP is drawn at right-angles to 
£D and equal to MP ; determine the locus of P, and draw 
the asymptotes. 

Let PJDy CO be the co-ordinate axes, 
A the origin, 

CP=a, CA=:c, AM=Xy MP=t/. Then 
MP=zME=CP-CM 

zzzCR-^^CA^+AM^, or 
y=a— v^c^-l-a^, the equation required. 
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If y=:0, «= v/S237= ^/CF^---CA^ 

= ^{CF+CA) {CF-OA)=z VAF^AO^ vOTP, 
/. x^AB or ^J?. 

If a?=±oo, y=— .00. Hence the curve passes from 
through B and D to infinity. 

To determine the direction of the tangents at these three 

points; -^ = tan 6 = qi -— ^ ^=0 if aj = 0, .'.at the 

dx vc'^+aj^ 

tangent is parallel to the axis of x, 

dy ^ ^ X AD '/P^I^7^ ^. ^ 

-^=tan6=q: , =—7= — = > which 

dx Vc^-^x^ VCA^+A1>^ a 

determines the direction of the tangents at D and B, 

Again, putting a?, = Oi\r=r CO — (7iV=r « — (c + y), we have 
y = a — c ■— as, ; and putting y , = iVP = x ; and substituting 
these values of x and y in the equation to the curve, the 
origin will be transferred to 0. Thus 

a—c— a5,=a— V^c2+p?, v^c^+y,^=<?+ai, 
c2+y2=c2+2ca;.+a;2, 
/. y 2=2 CO?, +0? 2, which is the equation to the rectangular 
hyperbola. 

To find the equation' to its asymptotes, 

r(r~l) 
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:, y=z±i{x'\-c) is the equation to the two asymptotes; 
and •/ putting y=0, we have ar= — c, and 
putting a?=0, we have y=±<J ; also 

V --~-=tand=±l^; /. the asymptotes cut the axis OF 
ax 

at Z s=4:5° and 315°, at the distance — c from the origin 0. 

Take OT:=zCA, and draw the lines TS, TS, at Zs=45° 
and 315® respectively, these will be the asymptotes. 

(11.) The normal to the curve whose equation is 2/^=ziax, 

4 
is a tangent to the curve defined hj j^:=z-f— (^^2df. 

y2=4a^, '£j=^-^y /. y.--y= - ^ (^,-^), eq° to normal, 

.•.y.= - £ ^.-f y (^1^) • I^t y.=0, then 

;i?,=ir+2a=part cut off from axis of a?. 

^'=27^ (^-2a)3, 2 logy=log 2^+ 3 log (x-2a), 

2^.1=3.-^-, y?4(x-2a), 

rfx y X— 2a '^ fl?y 3 ^ '' 

^x 2 , - . x+4fl5 . , /-« 

/. i — y — = X — - (x — 2a) = — 5 — = part cut off from 
dy o o 

axis of X, 

Hence, that the normal and tangent may cut the axis of 
X at the same point, we must have the equation 

^ =d?+2tf, .-. x=:3ir+2a. 

.0 

But, the angles they make with the axis of x ought to be 

the same, and since 

dy''2a rfx"~2'x-2a' 
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.". 3:r=x— 2a, x=3a?H-2a, the same as before. 

Hence, the normal and tangent, cutting the axis of ^ in 
the same point and at the same angle, must be coincident. 

(12.) In the curve defined by y*=a^+ar* prove that the 
portion of the axis of y intercepted between the origin and 

the tangent =|.(-|-)*. 

^ dx ^ I dx ^y^ 

.J. dy 2aa?2 + 3^« 3«/«~2a.r2-3;i^ 



3y2 , 3y2 3 (a^+;c«)* 
__a a^ a x^ ^a / a? \# 

(13.) If yt=a*— a?*; draw a tangent to the curve, and 
show that the part of the tangent intercepted between the 
axes = a, and that perpendicular on tangent = y/axy. 
yt=a*— art, xi=iai'-yif 

3 dx 3 dx x^ 3,' 




(ZX 

AT^y-^—x^yl — ^) —x^z^x^yi^a 
dy \ y*/ 
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Now 2>r2=^2>2+^^=a*y»+a*^#=a*(y»+ar») 
/. DT=.a=:. part of tan. intercepted between the axes. 

.*. AF^=-ci^x^y^^=> length of perpendicular on tangent. 

(14.) Suppose a rigid rod BF slides along the line Ax in 
such a manner tjiat its extremity F shall 
be constantly in a given curve whose equa- 
tion is y=zf{x)j and let BQ be an n^ part 
of BF] determine the equation to the locus 
oiQ, 

Let ^JP=a, AN=:x, NF=zy, AM=:x„ MQ=zy,. Then 

MQ : iVTP :: BQ : BF, or y, : y :: - : a, 

But AN=AM'-^NM=AM^{NB--MB)=zx,-{nMB^MB) 
=^,.(n-l)i/^=^.-(n-l) aJ—V?, 

:, y, = - •/ -j a?, va^—n^y? > , the equation required. 

(15.) Determine the subtangent to the curve of which the 
normal = 2 a^. (abscissa)*. 

Let X be its abscissa, y its ordinate. Then 

V Normal P(r=:y —, .*. y-j-z=i2a^a^y an equation 

evidently derivable by differentiation from —=:—--> 
:. y=aa^ is the equation to the curve. 
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T.-, dy 2a^a^ 2a^a^ „ dx I 

Now V -f= = — 5-=2aiP, /. Z^z=:-—> 

dx y ax^ dy 2ax 

^ ^dy 2ax 2 

The equation to the curve may be put into the form 

a;2=-y, therefore the curve is a parabola, whose parameter 

is —9 and whose line of abscissae is perpendicular to the hori- 
zontal axis. 

(16.) The equation to the catenary is 2y=c ^6<^-f-« ^) \ 
find the length of the normal 

Hf-(i)-'--'(-S}=i<-<-'>. 



dx 



Sx Sx 






dx^ 4 dx^ ^ 4 

^■*'^2= V 2 =— 2— =7 

/. normal PG^y aJ \ H.g=y.|=ly2. 

(17.) If 3^-(a-|-«';r)2^-i+(c-|-^^H-/^)2^-2-&c.=0 be 
the equation to a curve of n dimensions, prove that, if each 
ordinate be divided by the corresponding subtangent, the 
sum of the quotients will be a constant quantity. 

Let r^, rj, r,, .... r^ be the values of y which satisfy 
the given equation, and 

«i, «a, «8, . . . . «n *^® subtangents corresponding to these 
values of y ; then, by the theory of equations, 

n+^a+»*8 r^^a-^hxy 

I 2 
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dr^ dr^ dr^ dr^^^, 

"da: dx dx' ' ' * dx"^ ' 

and, taking the differential expression for the subtangents, 

_jr^dx T^dx r^dx 

^"" dr^ ' *■"" ar^ ' ' ' * **"' ^ ' 

8^ dx 8^ dx ' ' ' 8^ dx 

Hence ^+-+-. . . +^=*. 

8 I «2 «3 8^ 

(18.) Ify*~a?*+2^a?2y=0 be the equation to a curve; 

find the equation to the asymptote. 

Assume y=a?j2r, then a?*^— a?*-h26;i^^=0, 

2hz 2bz^ 

x=- -rf y=:- -> which both become infinite 

1 — z* 1 — z* 

when z*z=. 1 or z:s: 1 . 

^y^^-4:x^+2bx2^+2by'2x=0, 
ax dx 

"^ ^dx"^ 2^^bx^ " 2y^+bx^ 

_ 2{^'^3^) + Zba?y _ -Ux^+3bayh/ _ bxh / 
"* 2fr'+bx^ " 2y^'+baP " 2y^+ba^' 

= — ^ o — ^» which, when 2r=l, and consequently 
6;c ^6 



a?=:oo , becomes -i2>= - 



2x+b ^^b 2 



Hence y=a?—^> y=— a?— « *re the equations to 
two asymptotes. 
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(19.) Investigate an expression for the subtangent : and 
in the parabola of the n*^ order, whose equation is y=:ax^, 
find the subtangent and subnormal 

Subtangent =.—x, subnormals tm^aP^'K 

(20.) The equation to the ellipse being ^^—^(^ax—x^ ; 

find the subtangent and subnormal. 

Subtangent = > subnormal = — (a — x\ 

° a—x a^^ % ' 

(21.) Prove that -j- equals the tangent of the angle at 

which a curve, referred to rectangular co-ordinates, is inclined 
to the axis. 

y(22.) y2-_a2_-,j2 being the equation to the circle, the 
' origin at the centre, show that the curve cuts the axis of x 
at an angle of 90^ 

y(23.) y^=2ax—a^ heing the equation to the circle, the 
.^gin in the circumference, find the subtangent and normal. 

Subtangent = > normal=a. 

(24.) If an ordinate JVF in an ellipse be produced imtil it 
meets the tangent, drawn from the extremity of the latus 
rectum, in T; prove that the distance of P from the focus 
is equal to the distance of T from the axis of abscissae. 

(25.) In the ellipse, if it be assumed that x^aooBtj 
prove that the equation to the tangent will be 
bxoost-\'aysajit=:ab, 

(26.) Find the locus of the intersection of pairs of tangents 
to an ellipse, the tangents always intersecting each other at 
right angles. (fi^y^z=^a^ + J2. 



92 TANGENTS, NOBMAL8, AND 

\^. (27.) y^'=-^ being the equation to the cissoid of 

Diodes, find the equation to the tangent, and show that 
there is an asymptote which cuts the diameter at its extre- 
mity at right-angles. 

Equation to tan. y,=.\j^ r^i . ^{^a—0D)x,—ax) • 

(28.) Prove that half the minor axis of an ellipse is a mean 
proportional between the normal and the perpendicular from 
the centre upon the tangent. 

(29.) In the logarithmic curve, whose equation is y=a', 
show that the subtangent is equal to the modulus of the 
system whose base is a. 

(30.) Prove that the curve whose subnormal is constant 
is a parabola. 

(31.) In the hyperbola^ whose equation is y^-=.—^{^ax-\-Qc'^y 

show that y=±-(a?-f-a) is the equation to two asymptotes 

passing through the ceiltre and equally inclined to the axis 
of a:. 

(32.) Draw the rectilinear asymptotes of the curve defined 
"*^ ^J y^'\'0?y='(i^x^i and determine the form of the curve at 
the origin. 

(33.) Let ir^—j^-f- 00^=0 be the equation to a curve; 

ow that the equation to the asymptote is y =574-0 • 

(34.) If a^^hcfi—c^xy be the equation to a curve ; show 

that y= (- j • \x — r j is the equation to the asymptote. 

(35.) In the common parabola^ whose equation is y^:=4taXf 



sh< 



ASYHFT0TE8 TO CUBYES. 93 

find that point at which the angle, made hy a straight line 
from the vertex with the curve, is a maximum. . 

(36.) A rectangular hyperbola, and a circle whose radius 

is 2 a, have the same centre ; find the angle of intersection 

of the two curves. V^ 

Angle =tan"^ . • 

(37.) Find that point in an ellipse at which the angle 
contained between the normal and the line drawn to the 
centre is a maximum. 

(38.) Determine the angle at which the curve, called the 
lemniscata of Bemouilli, whose equation is (j/^+a^^ 
=r2a^ (^— y^> dts the axis of x, 

(39.) K -4 be the vertex, F and Q corresponding points in 
the cycloid and its generating circle, prove that the tangent 
at P is parallel to the chord AQ. 

(40.) The centre of an ellipse is the vertex of a parabola, 
the axis of the parabola intersects the axis of the ellipse at 
an angle of 90°, and the curves also intersect each other at 
right angles; show that major axis : minor axis :: a/2 : 1. 

(41.) 'Hy^^mx-\-na^y show that an asymptote cuts the 

axes at points indicated by 4?= and y = — r* 

2n 2w* 

(42.) Show that the locus of the uit«:section of tangents 

to the rectangular hyperbola and perpendiculars upOA them 

from the centre is the lemniscata. 

(x 4- cti^ 

(43.) Draw the asymptotes of the curve y2=^ ^> and 

{x—af 

determine the distance of its minimum ordinate from the 

origin. 

(44.) Find that tangent to a given curve which cuts off 

from the co-ordinate axes the greatest area. 
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(45.) Draw a tangent to the curve, whose equation is 

y=raa:^ , and show that the tangent always cuts from the 
axis of y a portion equal to an mS^ part of the ordinate at the 
point of contact. 

(46.) If i/^+afi—Ss^=0, show that y= — a?-f 1 is the 
equation to the asymptote, and that the inaYimum ordinate 
is at the point indicated hy x=2, 

(47.) If (7 be the centre of an ellipse, and I^F any ordinate, 
and if in iVT a point Q be so taken that its distance from O 
shall be equal to NF ; show that the locus of Q is an ellipse 
whose major axis is the minor axis of the given ellipse. 

(48.) Draw a tangent to the curve whose equation is 

y=-= 5> and determine whether the curve has an asymp- 

tote. 

(49.) A£I) is a semicircle, centre C and diameter AD ; 
EF is a chord parallel to AD, CQR a radius cutting EF in 
Q'y QR\& bisected in P. Find the locus of P. 

tfy=(2y~0 {a^+f)K 

(50.) Show that the curve, whose equation is a^+ahy 
—cury^O, has a rectilinear asymptote at the distance b from 
the origin, and also a parabolic asymptote, whose equation 

o 12 

is ay— J b^=: (a— ~ bj , the latus rectum of the parabola 

being a, and its axis parallel to the axis of y. 

(51.) BAG is a triangle, right-angled at ^ ; a straight rod 
moves through the fixed point (7, while one end slides down 
the line £A : show that the curve described by the other 
end is a conchoid whose equation la (jfii/^^{x—bY{a^si^y 
and determine its subtangent. 
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CHAPTER XIIL 

POLAB CO-OBDINATES. SPIBAI& 



Ifr=/(6), orp=/(r), andw=-5 



then 



Tangent of angle (0) contained bj radius vector (r) and a 
agent to the curve, is tan & 
Perpendicular on tangent, 



tangent to the curve, is tan SFY=zr — =z^u — 



ST^p^- 



/yrH 







dB__ p 
dr r^r^—p^ 



Subtangent ST=if^^> 
dr 

1 .du^ 

Ex. (1.) Find the polar equation to the common parabola. 

rz=l)N=:2AS-{-SNz=i2a+rcoBFS2!^=2a—rcoad, 

2a a 



.r+rcos0=2a, 



'l+cosd" 



(2.) The equation to the spiral of Archimedes is r=zad ; 
find the angle between the radius vector and tangent, and 
the subtangent. 

— =a, .-. iyPr=tan-ir— =tan-ir-=:tan-id. 

do dr a 

dR r^ 

Subtangent ST=r^j^=i~ 
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(3.) If r=a (1 -f COS0), find the equation between p and r. 
1 1 du a and 

u a + acmd dd (a-^acosOy 

/du\^_ a^ sin2e _ a^(l -cos^a) 
\^/ ""(a + acose^)*""(a+acdBO)^' 

But acoBd= a, rt2cos2d=-5 +«^, 

;. a^—a^ cos26= 5» a4-aco86=— 

(4.) The tangents at the vertex and extremity of the 
latus rectum of a conic section intersect; prove that the 
distance of the point of intersection from the vertex is equal 
to the distance of the focus from the vertex. 

Let A be the vertex, S the focus, and T the point of in- 
tersection. 

The equation y=-v^2<M?q^a^ will, by using 

the negative sign, comprehend all the conic 
sections excepting the hyperbola; and, by using 
the positive sign, it is the equation to that 
curve. 

Alsoy,— y=:-^(a:,— a?) is the equation to the tangent. 

. . 1 1 . dy h a'^x 

Dinerentiatmg the assumed equation, -^=-'— -^ — » 

dx a w^ax'^x^ 
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and gubstituting the valaes of y and -j- in the equation to 
the tangent, we have 

But at the origin ar,=0, and a=zAS=^m suppose. Then 
* /5 zr-^ *^ «T»» 



y,=— V :s: aw-i- w 



a ^ ^y^am'^Tf? ' v2am^T^ 
Now a^=h^-{- (a^mYy by a property of the curve, 

.*. 2amqim2=J2^ .*. TA^=zyt=:mz=iSA. 

(5.) In the ellipse, if p he the perpendicular from the 
centre on the tangent, and r be the distance of the point in 

the curve from the centre, prove that iP^=— s — To o* 

Ver^CP=^r, LPCNznQ, then arrrrcosd, y=rsind; 

-T+Vs=lj equation to the ellipse. 

r^cos^a ^^5^_ o /c^ ffln26\ 

a2^,2 ^2^,2 



■^>2cos2a -h a2sin20""a2(l -^cos2e + a2sin20 
where 1— «2=-:r 



a' 



^2 



a262 ^ 52 

^-a2-a2Aos2e 1- 



.-. w2=:^.(i«^2cos2d), 2t^^=-l{ -2e2cose(-sin6)} 

du \ , ^ ^ . ^1 1 1 «2cosdsind 
— = — {^cosO sin^} • -=— 



</0 52'' ' « ft Vl-e2c0s2d 
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"■^W"" 62 "*" 62(1-^C0S26^) 

_ 1 — 2g2cOs2a-f e^CQS^g-f ^0820— e4cog4g 
- 62(l-«2cos20) 

_ l~2g2cos2a + e4co82e 
"" 62(l_^cOs2e) 

But -^= r5 > .'. «2cos2d=l s-* «*COs26=e2 ^ • 

2^2 62«2 ^ 

1 l-2-^^+^-y _ ^-l-$(^-2) 



") 



_ g" r8\ aV _ g^ "^ r" ^ '*' gZ, 

■" a2^2 --^ -a2+62-r2' 

(6.) In the ellipse, if -4, be the origin, the equation is 

62 
y2=:_(2aa:— ir2): let S be the pole, Z-4,/S'P=a, and 

SF=r; show that the equation referred to polar co-ordi- 

nates is ^=t-^ ^' 

l+e cosd 

2 

(7.) The equation to a curve being y=(ic»"-f-aic»""^)'» ; 

determine the polar equation, and show that an asymptote 
cuts the axis of abscisssB at an angle of 45% and at a dis- 
tance = from the oriinn of co-ordinates. 

m ° 

(8.) In the hyperbola, if AS^be the pole, the polar equa- 
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tion will be r=-r-^ ^j if the centre be the pole, the 

1+^cosd ^ 

polar equation -will be y= 

(9.) Show that the polar equation to the lenmiscata of 
Bemouilli is 7^=:2a^coa2d, and that ^=Mi^r— s-- 

(10.) Show that the polar equation to the conchoid of 

Nicomedes is r=:a-] -f the equation between rectangular 

co-ordinates being a^t^=i {a + xf (b^—aP). 

(11.) Show that the equation r = -—-— represents two 

polar curves, one having an exterior and the other an interior 
asymptotic circle, and exhibit the general form of the two 
spirals. 

(12.) The polar equation to the cissoid of Diodes is 
r=2atan0sin6. Prove this. 

(13.) The equation to the lituus is ^=— j show that the 



subtangent =.2av8. 

(14.) In the cardioid r=a (1 — cos0), and if r, be a radius 
in the direction of r produced backwards, r;=a(l-fcosd) : 
show that 20=0. 

(15.) K the polar equation to a hyperbola, referred to its 

focus, be r= ~ ^ l show that there are two asymptotes 

intersecting the axis of ^ at a distance ae from the origin, at 
angles whose tangents areH — and respectively. 

(16.) If 6= y == be the equation to a spiral ; show 
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tbat a circle whose radius is 2 a is an asymptote to the 
spiral. 

(17.) If 0= — 9 and na*=:b^ ; show that the equation 
hetween the radius vector and perpendicular on tangent is 



CHAPTER XIV. 

SINGULAH POINTS. TRACING OF CURVES. 

A curve is convex or concave to the axis according as 

y and -r-s have the 8mM or opposite signs. 

To determine whether there be a point of contrary flexure^ 
d^y 
we put -r5~^ ^^ ^ ^ ^^^ if a be one of the values of j? so 

found, we substitute successively a-^h and a—h for a: in 

d^y d^y 

•-^ } then if -~ have opposite signs, there wiU be a point of 

adr dor 

contrary flexure denoted by iP=a. 

At a point of contrary flexure in polar curves ;r-=0. 

If any values of x and y make -r-=7r» this circumstance 
^ ^ dx 

generally indicates a multiple point. 

For a true double point (^) " (^) (5^) >0. 

For a point of oscmlation (^) - (■£) (^)=0. 

For a coiyugate point (^) - (^) (^) < 0. 
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At a cusp, if a?=a, -~ has but one value ; and, substituting 
dx 

successively a-^-h and a—h for a?, -— has two values. 

dor 

For the ceratoid or cusp of the first species, the values of 

For the ramphoid or cusp of the second species, the values 
of -7-3 have the same sign. 

Ex. (1.) If the equation to a curve be y'=—^{i^-\-coi^'y 

d 

show that the origin is a point of osculation, ascertain if 

there be any maximum ordinate, and determine the general 

form of the curve. 

It is obvious that, by giving x successive positive values 

from to 00 , y will have successive positive and negative 

values from to 00, consequently there are two similar 

branches extending from the origin to infinity, one branch 

on each side of the axis of a to the right ^of the axis of y. 

__ dy 1 da^-^icafi a 5x-\-ic ^ , . 

Now -^ =r - . — -. = — . =0 when ir=0, 

dx a 2va^-{-cxi^ 2a vx-\-c 

dy *• ^ 

and •.• when a?=0, y also =0, and — has 




two values, one positive and the other ne- 
gative, each =0, therefore the axis of x is 
a common tangent to the two infinite branches at the origin; 
hence the origin is a point of osculation. 

Again v y= — vx + c ; whena? = — c, y = 0, and while 

X takes successive negative values from to — c, y wiU take 
successive positive and negative values from to again, 

K 2 
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and therefore to the left of the axis of y there is a loop or 
nodus. 

And V ^=£..?£+lf=0, .-.5^+4^=0, and;.= -i« 
dx 2a Va;-\-c 5 

determines the position of the maximum double ordinate ; 

dy 
and V -~=tan6=Q0 wheniP=— c, the tangent at this point 
cue 

intersects the axis of a at right-angles. 

Take AB = c, and draw the tangent T£t±AB, take 

AN=—Cy and draw the double ordinate FI^p=: — (-) > 

4 
which is the value of 2y corresponding to ar=s — -^ ^ j the 

loop will pass through A, F, B, p, 

w OS 

(2.) Trace the curve, whose equation isy=— -^(adia?) ; 

wa 

and show that there is an oval between ^=0 and a?=a ; de- 
termine the position of the maximum double ordinate, and 
exhibit the form of the exterior branch. 

'v X /~~ /— •!?* 

va V a 

Let ar=0, /. y=0, "^ Take ul^=a. 

07 < a, y is ±, Then, •/ while 

a?=a, y=0, 
a? > a, y is impossible. 
Putting —a? for a?, y is impossible. , 



Ob 



>• or increases 
from to a, y has positive 
and negative values from 
to again, .'. there is 

a mft-yiTmiTin ordinate somewhere between A and B, and AB 

is the axis of an oval. 



Now — = va • — /= • 
dx 2vx 



3 * 



^/^ 



3 



-/a 2-/* 2Va 



-/x—% 
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.". — r== — — -> 3a:=a, /. a?=- denotes the point where 
v^ v^ 3 

the maximum double ordinate cuts the axis of a?. 

Secondly, y=— r_ (a -fa?), 
va 

Draw ^P=2a. Then, 
•/ while X increases from 
to infinity, y has posi- 
tive and negative values 
from to infinity ; there 
is a branch above and 
below the axis of x exte- 
rior to the oval 
No curve exists to the left of the origin. 
(3.) y^{a^+aF)z=zic^(a^-^aP^) is the equation to a curve; 
trace it, determine the angles at which it cuts the axis of x, 
and find its maximum ordinate. 



Iietd7=0, . 


•.y=o. 


a?<a, 


yis±. 


x—a. 


5'=2a, 


x>a, 


yis±, 


a?=oo. 


y=QO, 



Putting —X for a?, y is impossible. 



Va^-x^ 



If x=0, then y=0 Put —x for a?, then 

a7<a, y is possible it if a?=0, y=0 

a7=a, y=0 a; < a, y is possible qi 

x>a, ^ is impossible. a?=a, y=0 

a?>^, y is impossible. 
Take AB=:a, Ah=z —a, in the axis of x, and the curve 

will pafis through the points -4, J?, h. 

And V when x>a, y is impossible, the curve cannot 

extend beyond B, b, 

Now 2/^ g- («'+a^(-2..)-(«'-^(2^) «^-^ „ 
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. dyji (gg+J^O^ dr(a^-2g2;gg~a^) _ a4-2aV-3r* 
dx^x {a^-x^^' (a2 4-^)2 '"(a24.^)t (a2_^)i ' 
and putting ip=0 and iha in this expression, we have 




tand 



_dy 



= = ± 1 =tan 45** or tan 135^ 



-= 00 =tan 90° 



dx (a2)*(a2)i ^^-a 
_ ~2a^ 
"■(2a2)i(0)" 

/. the two tangents at the point A are inclined to the 
axis of a? at Z s=45*' and 135° respectively, and the tangents 
at B and 5 are ± to the axis of x : .*. the point A is a 
double point. 

— — —i a max. 

. ^y a^— 2aV^4 . 4 o 2.JJ ^ A 

(/a: (a2-a^^)i(a24-a^2)i \_ 

af^-{-2a^x^+a^=2a^ af^i-a^=:a^>/2, x=±a\/ ^/2-l. 
Hence the greatest ordinate cuts the axis of x at points 

denoted by a? = av \/2--l and — avA/2 — 1, and the 
length of this ordinate may be ascertained by substituting 
these values of a? in the equation to the curve. Thus 

==a's/'/2-l.\/'/2-l=a('/2-l) 
=iMP, MP,, mp, mp,. 
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(4.) If y=-2 — -2» show that there are points of contrary 

flexure when a:=0 and a\/3, that the curve cuts the axis 
of :r at an angle of 45°, that the axis of a? is an asymptote to 
the two infinite branches, and that there are maxiTnum or- 
dinates when ^= -fa and — a. 



Let a?=0, /. y=0 Put —x for a?, then y= 

x<a^ y is + Let ir=0, /. y=0 

a?=a, y=- ir<a, y is — 

a?>a, yis-f ^=«, ^=""0 

/F=oo, y=0. ir>a, y is — 

a;=oo, y=0. 






' S^P^' 



Take ABz=za, Ah=—a, and draw 

the ordinates J?©, ft^-, equal to ^rand — - 

respectively, the curve will pass 
through the points A, Q, q^y its right- 
hand branch being above the axis of x, and its left-hand 
branch below it, the two branches meeting that axis again 
only at an infinite distance from the origin A . /. the axis 
of ;r is an asymptote to the two infinite branches. 

^ d^_ {a^+x^a^-a^X'2x __ a^{a^-x^ 
"^ dx^ (a24-ar2)2 "■ (aH^)2 ' 

2a^x{x^-3a^ ^ .. /^ ^ 

^ (J+^)8 =^> if^=«v^orO. 

Substituting a y/S—Ji, a y/S-^-h respectively for x, we have 
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<^2y_ 2a2(aN/3-A){(av^--A)2-3a2} 

which is negative, since h<a v3 ; 

— = 7 —^ -= — ^^ 9 which IS poaUfvoe. 

dx^ {a2+(ay3+A)2}^ 

Hence d7=a ^/Z indicates a point of contrary flexure ; and, 
substituting this value of a? in the given equation, we have 

a-s/S /— a\/3 

y=— J— • Take -4iV=av3, and draw iVT=— j— ? when 

F will be a point of contrary flexure. 

Also substituting 0— A, O-h^ respectively for x, 

d^^_ --2a%{h^-Za^ d^y_ 2a%{h?^Za^ 

daP" (aH^y ' c^~ (a2+A2)3 ' 

one positive^ the other negcUwe. /. the origin -4 is also a 

point of contrary flexure. 

d^y 
Hence also, y being positive and -j^ to the left of IfF 

dor 

negative, the curve firom -4 to P is concave to the axis of x, 

and consequently beyond -P it is convex. 

Again •/ as x increases y at first increases and afterwards 

decreases, having various finite values between its primary 

value and its ultimate value 0, there will be a maximum 

ordinate somewhere on each side of the origin. 

•• dx-^ (a2+^2 -«> •• « ^-^' ^~^«- 

But when a7=±:a, y=±-. Draw £Q=jrf it will be a 
maximum ordinate. 
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By substituting for a? in ~- we have 

a* 
tan0=:--r=l=tan45°. .'. the curve cuts the axis of or at 
a* 

the origin ji at an Z of 45°. 

"5 — -^ ; show that the branches of the 

curve pass through the origin, and are contained between 
two asymptotes perpendicular to the axis of x. 
Let a?=0, /. y=0 Put — a for a, then 

a<a, y is possible ± if a?=0, y=0 

a-=:a, y=Qo a?<a, y is ^ 

ar>a, y is impossible. a?=a, y= — oo 

a? >a, y is impossible. 
Take AB=a, Ab=—a; then, since at the 
origin A the ordinate is 0, and then as a? in- 
creases the ordinates increase until a?=a, when ^?- 
an infinite ordinate passes through B; and, 
since the values of y are both positive and ne- 
gative, a branch extends on each side of the axis of a. 

Also, since when a? is negative, the ordinates take values 
exactly corresponding to those when a: is positive, the curve 
has similar branches to the left of the origin. 

Acain -^= r : and, puttmg a?=0 and 

^ da (a2-a;2)4(a2+ar2)i ^ * 

dba in this expression, we have tan0=— =dtl and oo . 

.-. tan = 1 = tan 45°, tan 0= — 1 =:tan 135°, tan = oo 
=tan 90^ 

Hence a tangent to the curve cuts the axis of ^ in the 
origin A at an angle of 45% another through the same point 
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at an angle of 135° : and at ^ a tangent to the curve is ± 
the axis of Xy and is coincident with the infinite ordinate. 
This tangent is consequently an asymptote, the branches of 
the curve do not extend beyond it, and they are convex to 
the axis of x, 

(6.) If (y— 6)2= (a?— a)* ; show that there is a ceratoid 
cusp when ^=a, and that the tangent at that point is pa- 
rallel to the axis of x. 

If a?=a, y=6. Take AB=a, BP=ih, then P is the point. 

ax Jt 

when a?=a ; /. tan 0=0, and the tangent to the curve at 

the point denoted by x=-a is || to the axis of x, 

d^v 15 
Again ;7^=d:-T-(d?— a)*=0 when ar=a; 

and, putting a+h, a—h successively for x, 

JO 1 er 

-^=±— V% which has two values, one -h, another — . 
ax' 4 

— ^= +— v — A) ■whicn 18 imagitiary : 

dv d t/ 

and since if a?= a, -7-=0, T;^=Oi and if a7=a— A., they are 



:^ 



both impossible .*. the curve cannot extend y 

d^v 
to the left of P : also v if ir=a-|-A, -^ has 

two values, one positive and the other negative, .% at the 

point P there is a cusp of the first species. 

a62 
(7.) Show that the curve, whose equation is r= ^^ .. ? has 

a point of inflection when t'=-;r-> and rectilinear and circular 
asymptotes. 
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V r— a 



r-^a—r 



'^'^ 2 \/ ^ 2r*(r-a)4 dr r{r^^f)^' 

^^^j^ ^r^ ^^ 4(r~a)» ^ ^^4(r-a)3 ^ 

1 4 (r — a)* + a V or* 

jp2 q2^ V 4: (r — a)^ + a V 

-«r*v4(r— aV^+aV— art- — 7======= 

dp jl 2-/4(r-a)HaV _Q 

</r^ 4(r— a)^+aV ~* 

, /. 3 {4(r-a)H«V}-12r(r-.a)2-aV=0, 







3 
Hence there is a point of contrary flexure, when r=- a. 

1 g2 «. 1 

Again — =: — -^ • Let r become infinitely great, then 

i=— =0, /. 02_i=o, 6=±1. 

r 00 

dQ_ a rf6_ ari ^^^ ( ^ \i . 

^"""~2r*(r-.a)»' dr" 2{r^a)i'"^ ^^r-a) ' 

and, when r becomes infinitely great, 

r ^ 1 ^ 1 ^ 1 ^^ 

r—a'^^ a~" a""!— 0"" ' 

r 00 

/. Subtangent ST=^f^ ^= if| : 
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and, since ST remains finite whUe SP is infinite, a tangent 
may be drawn whicli will touch the curve at a point infi- 
nitely distant from the origin ; this tahgent is therefore a 
rectilinear asymptote : and v B and ST have each two 
values, .'. there are two rectilinear asymptotes. 

1 02_i 
let r=:a, /. -= — -^-j 

:. ^2 =0> •'• 0=00 when r=:a. 



0= a/-^' 

V r— a 



Also 0= a/ > which is impossible when r<a. 

Hence v r=a makes 6 infinite, and r<a makes 6 im- 
possible, there is an asymptotic ©, radius =a, within the 
curve. 

In the logarithmic and many other spirals the curve makes 
an infinite number of revolutions about the pole before 
reaching it ; hence the pole may, in such instances, be con- 
sidered as an indefinitely small asymptotic circle, that is, an 
asymptotic circle whose radius =0. 

The equation to the logarithmic spiral is r=a^, or r=ae^^, 

t 
or r=ce"; r increasing in a geometric ratio, while increases 

in an arithmetic ratio ; the radii including equal angles are 

proportional Its evolute and involute are similar to the 

original spiral 

(8.) Trace the curve whose equation is r=a (2 cos ©±1). 

Let (9=0, .•.r=a(24-l)=3a, 

0=30°, r=a (\/3 + l),whichis< 3a, 

0=60, r=a(l-|-l)=2a, 

0=90, r=a (0 + l)=a, 
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Let 0=120, .•.oos0=— cos60=— 5, r=a(— 1-|-*)=0, 

0=150, cos9=--cos30= ^> r=a(— -/S-hl), 

which is < a, 
6=180, cos0= — 1, r=a(— 2 + 1)=— a, 

[-v/3 + 1), 
which is < — «, 



0=210, cos0=-cos3O= — J-, r=a(-v^+l), 



0=240, 0080= — oos60= - -9 r=0, 

0=270, cos0=O, r=a(0-|-l)=a, 

0=300, cos0=cos6O, r=a(l + l)=2a, 

0=330, cos0=cos3O, r=a(\/3 + l), 

which is >2a, 
0=360, cos0=l, r=a(2 + l)=3a. 

Divide the 0°® of a © into 12 equal parts, and draw 
radii through the points of division. Take -4J5=3a, AF, 
Ap each =a(v^+l), AC, AK each =2a, AB, AH each 
=a. 

Take AE', AG' each=a(— v^+ 1), and AF'=^ —a. These 
three, being negative values of r, must be measured in an 
exactly opposite direction, as AE, AF, AG, 

The curve, which is the trisectrix, will pass through the 
points B, P, Gy Dy A, H,Kyp', and the interior oval will pass 
through A, E, F, G. 

Taking r=a(2cos0— 1), a precisely similar curve is pro- 
duced, but turned the contrary way. 

Taking -- for 0, the same curve is produced, 
V 2cos(— 0)=2cos0. 
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(9.) Show that the curve, whose equation is {y^+aP^ 
=4a?a^^2^ has a quadruple point at the origin, and that 
there are four loops or ovals; namely, one in each 
quadrant. 

Let the equation be transformed into one under polar co- 
ordinates, putting ir=r cos 0, y=rsind. 

(r2sin2d+r2cos2e)3=4a2r2sin20r2cos2a, f^^^ccU^r^an^Bco&^d, 

r2=4a2sin20cos2d, r=2asin0cosd. /. r=a sin 20 

1st quad. If 0=0, r=0. By put- 

0=150, ^=;«in30=t f«-^ 
2 for0the 

« «rv . «^ v^ curve is 

0=30, r=a sin 60=-^r- a, ^ ^ 

2 reproduced. 

0=45, r=a sin90=a, Take the several 

v^ values of r at the 

0=60, r=a sin 120=-H-a, .• 

2 corresponding 

o K«r . n«./^ « angles. 

0=75, r=asml50=^> .P ^. 

2 In the second 

0=90, r=a sin 180=0, and fourth quad- 

- _ - ^ -./v*. . «-i/v « rants, the values 

2nd quad. 0=105, r=asm210=—^> ^ ' . 

^ of r, being nega- 

3rd quad. 0=195, r=asin390=^» . 

^ measured m op- 

4th quad e=285, r=a sm570= - 5. I^*« <^«<^<«^ 

^ Hence, there 

will be an oval whose axis =a in each quadrant : and the 

origin is a quadruple point. 

(10.) If r=atan0, show that the asymptotic subtangent 
is a, and that the curve is included between vertical asymp- 
totesr - 
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Let e=0, 


.•.r=0, 


Let e-v+iS, 


/.r=a, 


e=45», 


r-a, 


e-y, 


r=:QO, 


»=i- 


r=ao, 


e-^+45, 


r =--.«, 


e=i35, 


r=—a, es=2w, 


r=0. 


e=T, 


r=0. 








Take therefore SB^na at an angle of 45'' with the axis 
of 03, the curve will pass from the origin 8 through B to 
infinity. 

And V those lines are said to be || which coincide only 
at an infinite distance, and v the a^mptote will idtimately 
coincide with the curve and consequently with SP when 
both are infinite, /. the asymptote must be drawn || SP. 

There are similar branches in all the four quadrants. 

Now — =a(l+tan20), -7-?=^^! — ttt^' 

de ^ '' rfr a(l-f-tan^<^) 

« d% a2tan2(9 tan2a ^ r. n '^ 

.% ST=:r^---=a, the asymptotic subtangent. 
dr 

Take ST=za, and draw TP, || SP ; TP, produced is the 
asymptote. Hence, this curve is included between vertical 
asymptotes. 

(11.) a?=a (1 -tCos0), y=.a% are equations to the curve 
called the companion to the cycloid; find the points of 
contrary flexure. 

Let BDQ be the generating circle, centre 0, vertex 2>, 
radius =a, i>Jf=dr, J/P=y, aDOQ^B, 

L 2 
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Let 0=0, :.x=^0, y=0, 

0080= —sin a. 









L increase 




iP=a(l+sina),^ 

I wnicn AAxv.x«^cM7» ^^ 

y =a (^ 4- a), J as a increases. ^ 



Let a=-> 0=T, .•.cos0=— 1, --cos0=l, 

a?=a(l + l)=2a, y=^ira. 

Putting —0 for 0, a similar curve is produced on the 
other side of the axis of x. 

Now ^=- -- 



rfV 



jr a (2ax-a?)'-k2a'-2x) , . 

; i 7=0, Ji x=^a. 



2 



(ia?2 Sfla?-^ (2aar-a^4 

Substituting a+A, a —A respectively for x in this expres- 
sion, we have 

^V, ~a{a-(a+A)} -.a(~A) .... 

T-Q=-:^ r;= ^ — :» which is positive, 

rf^ {2a(a+A)-(a4-A)2}* (a2-A2)» ^ 



(f2y^ __a{a— (a—A)} 



— ah 



da? {2a(a-A)-(a~A)2}* (a2-A2)» 



which is negative; 



/. there is a point of contrary flexure when ^=a, y=^-^a, 

DO=ia, Take 6>jR=^a, Or=-^a, each = axe 2>w, 

^-4=:7ra=arci>^J5; the curve will pass through i>, R, A, 
and i?, r will be the points of contrary flexure. 
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(12.) Show that the ciirve y*'\-2aoc^-'aa?=0 has a triple 
point at the origin, and determine the position of the 
tangents. 

4j/«jp+2a(a?.2yjprf-y2)— 3aa?2=0, where /?=^; 
(i^^-\-4taa;y)p=t3aa^^2ap^y 
Zao? — 2ay^ 



=r-' 



if a?=0 and y=0. 



.*. there may be a multiple point. 
Differentiating numerator and denominator, 

Differentiating as before, 

6a— 4aya--4a»2 * d^v 

P^^TT. — n — TTT-^ ^ -. : — ' where -7^,=<7, 

^ 24yp2-|-12^2^ + 4a^2'+4ap+4ap dai^ ^' 

6a-4ap2 S---2p^ v a ^ a 

^ oop 4;> 

3a:r2~2ay2 2^y2 • 

'^ 4/+4e3W?y 4j^3 ' 

.*. the origin is a triple point; and v tan6=— =H — -;= 

da; v2 

and = j=: and also = oo , .'. the tangents cut the axis 

at Zs^tan"M-^j and tan'M -^J, and at right-angles. 

♦ These repeated diflferentiations are sometimes tedious : they may, 

however, in such cases as this, be simplified by considering j9 constant, 

as no error will arise from that assumption. Thus, instead of this 

equation, we should have had, by considering p in the previous one 

6(1— 4<M)* 1 

constant, p^-^. — 5 — -. — ^-—. — > whence 0= ±— = as above. 
'^ 2iyp^+ iap + iap ^ \/2 
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(13.) In the diameter A£ of a circle take a point C, draw 
a chord AF and an ordinate FJ^, and CQ parallel to AF, 
meeting jPiV in Q : trace the curve which is the locus of Q. 
AB=a, AC=zb, AN:=:Xy NQz=,y. 
NF= Vaa — a^, equation to ©, 
CN : AN :: NQ : NF, or 
x—b \ X :: y : ^aa—x^^ 
:, ary= (x—V) »Jax — a?, .'. ^ = (a? — 5) a/ is 

the equation to the curve which is the locus of Q, 

Lety=0, /. x—h and =a; let a? > a, y is impossible. 
y has finite values positive and negative when x>h and < a. 
Hence the curve will pass through (7, §, By and form an 
oval. 

By the question no part of the curve can be to the left of (7. 
(14.) A rod FQ passes through a fixed point A ; find the 
equation to the curve described by F when Q moves in the 
drcuiiference of a circle of given radius, and trace the curve. 

P^=i?=length of rod, diameter 
of O BQ=ia, AB=ihy qp position of 
rod when Q has moved along the 
arcC^, AN:=Xy Nq=y; theiiN(f=zBN'NQ, Euc. iii. 35. 
y^=z^x-~l).(a-\-b—x)=^{x—b) (c—x), if <?=a-f ft, 
= —x^+(b+€)x''bc. 
Let -4$'=r, Z-4=0, /. y=rsin0, x=rco8d, 

f^ 8m^6= —f^ co»^d -\-{b+c) r cosd^bc, 
r^— (ft + c) cosd • r = — ftc, 

.-. r=^ {(ft-J-c)co80± \/(ft+<?)^cos^t^— 4ftc} . 

And •/ Ap^=:qp—Aq=iB—r, by giving successive values 
to 0, and taMng the corresponding values of r, the curve, 
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which is the locus of P, will be traced. If BD be the posi- 
tion of the rod when Q has described a ^Q, FD=zBQl 
Hence the curve is an oval, whose axis PD^rza, 

(15.) The equation to the spiral of Archimedes is r=a0 ; 
trace the curve, and show that the origin is a point of con- 
trary flexure. 
Let 0=0, /• r=0, 

3-1416 



0=45, 



0=7r, 



r=a« 



r=a 



:=a(-7854), 
=a (1-5708), 



^=a(1.5708),"t' 



r=a (3 -1416), 
r=a(4-7124), 




0=2?r, r=a(6-2832), 
6=00, r=oo. 
Take the angles, and draw the corresponding lines for the 
values of r, and the curve may be traced. 

Put —B for dy and the values of r, being negative, must 
be measured in a directly contrary direction. 



Now 0=-» 
a 



dr^a 



dr 



rVr^—p^ 



dp ^ 






-^=a2, ---=a2+r2, 

2r 



dr 



a^-^-f^ 



(a2+r2)5 



-=r _ . , =0, when r=0 or 0=0; 



(a2^^J (a2+r2)* 
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dn 

and -y- changes sign immediately before and after the 

origin. 

/. the origin is a point of contrary flexure. 

In the figure, if r commences its revolution above the 
axis of X in the first quadrant, the branch of the spiral 
ABCDEF will be generated. If negative values be given 
to 0, and r be measured in a directly opposite direction, the 
branch represented by the dotted line will be traced ; and 
we shall have the double spiral. If r commences its revolu- 
tion upwards in the second quadrant, two branches will be 
generated, similar to the others, but turned in a contrary 
direction, and intersecting them in the horizontal and ver- 
tical axes. 

This spiral was invented by Conon : but Archimedes dis- 
covered its principal properties. 

K a fly were to move uniformly from the nave of a wheel 
along one of the spokes whilst the wheel revolved uniformly 
about a fixed axis, the fly would describe this spiral 

Teeth of this form are applied in the construction of 
engines in which uniform motion in a given direction is 
required. 

(16.) Two points start from the opposite extremities of 
the diameter of a circle, and move with uniform velocity in 
the same direction roimd the circumference, their velocities 
are in the ratio of 2 : 1. Determine the locus of the bisec- 
tion of the chords which join the positions of the two points, 
and find the polar subtangent of the curve. 

Let the diameter -4J5 = 2a, and A be the 
position of the point which moves with a 
velocity equal to double that of the point 
at B, Now when this latter point has made 
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half a revolution, the former will have made a complete 
revolution, and consequently the two points will coincide 
at A. Again, the motions continuing, if we take any arc 
AO, and bisect it in D, (7 will be a position of the point 
which started from A, and D the corresponding position 
of the point which started from B. Draw the chord CD, 
bisect it in F, and join OF, 00, OD. 

Let be the pole, OF the radius vector =r, Z AOF^r^B, 

then P02>=-> -pr=r=zQo^ FOD, or-=cos-0, the equation 
3 OD ' a 3 



to the locus of F, 




To find the polar subtangent. 




In ^ 
cos.0=., 


. l^dB 1 
sm-0.— =-j 
3 dr a 


dQ I 1 


1 


dr . K / 1 / r^ 
asm-0 a/^l-cosy a/y/l-- 


;. r2 — = =the 


polar subtangent. 


To trace the curve. 


r=a cos g0. 


Put 0=0, then cosO=l, 


r=a, 


■ •=«■ «"-=^ 


v^+1 
> r=a 7=^> 


0=90, oos30=-^> 


^/3 
r^a 2' 


0=135, cos45=— ==> 

v2 


r=— => 
V2 


0=180, cos60=^> 


a 
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Let 0=225, then cos 75= 
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r=a- 



v^-1 
2v^ ' 



0=270, 
0=315, 

0=360, 
0=405, 

0=450, 
0=495, 



2x/2 
cos90=0, r=0, 

-_ ^/3~l v^-1 

cosl05= ^=-> r=— a- 



2v/2 



2^2 



cos 120=— ^> 

COS 135= 7^> 

^2 

COS 150= ^> 



a 



a 

cosl65= «-?=-' ^= 7=-» 

2\/2 2v^ 



r=- 



r=— a 




0=540, cosl80=--l, r^—a 

The negative values of r, which are 
measured in an opposite direction, are 
distinguished in the figure by dotted 
lines. 

By giving negative values to the 
same curve would be produced, but 
turned in a contrary direction. 

(17.) If a2y=35ic2— /pS . show that there is a point of 

2*3 
contrary flexure when d?=i, and y= -o • 

Or 

> show that there are two 

....^ . , 3a 2a 

points of mflexion when a?= — > v= ±— =• 
^ 2^/3 

(19.) If 00?^— (a?— a)y^=0 be the equation to a curve; 

show that there is a point of contrary flexure when ir= —2a. 
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(20.) If yssasp+bafl-^ca^ ; show that there is a point of 
inflexion when ^=^> and y=o^ (9ac+2b^). 

(21.) If y = c + (a? — a)* (a — ft)* ; show that there is a 
double point when a^^a, and y=c. 

(22.) K y=-^(a2— ar^j . ghow that there are points of 

inflexion when ir= ±— => y = — • 

.... _. a:2 ^_^« /^+a\2 a2(^_^2)i 

(23.) Ify= > y=^{ ) » y=7 — Ha7 — \ 

be three equations having no mutual relation, and a? becomes 

inflnitely great in each ; prove that in (1) y = oo , and ~^= oo , 

in (2) y=oo , and ~=1, and in (3) y=0, and ;/^=0. 

(24.) If y^(ir2— a2)=ir*; show that the equations to the 
asymptotes are f/=i-\-Xf y=— a?, and that the curve lies 
above the asymptote : also show that the curve has two 
branches touching the axis of a: at the origin, both being in 
a plane perpendicular to the plane of the paper, between 
two asymptotes which cut the axis of a: at right- angles 
when a?= +a, a?= —a ; show that beyond these asymptotes 
the curve is in the plane of reference, and approaches nearest 
to the axis of s when a:=iav2, again receding towards the 
asymptotes whose equations are y=+a7, and intersecting 
them at 00 in a point of inflexion. 

(25.) If y^-|-i»*— 2 Oic^—Q . show that the equation to the 

2a 
asymptote is y=— a?+-^> that at the origin there is a cusp 
o 

of the first species, the two branches being above the axis 

of a and concave to it, that the curve cuts the axis of a at 

X 
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right-angles at a point denoted by a=:2a, where there is a 

point of inflexion, beyond which it approaches the asymp- 

2a 
tote whose equation is y = —a:+-^ ; show also that there is a 

o 

maximum ordinate whose length is — • v^, when a?=-^« 

Cb 2(1^ 

(26.) If /• = —=> show that p = , •> and that 

there is a point of inflection when r=av2, the curve being 
concave towards the pole when r is less than a^, and con- 
vex towards it when r is greater than av2. 

(27.) ^:=a-\-a^ (iv—a)i ; determine the nature and posi- 
tion of the cusp. 

(28.) 1/^= -^ — -^ being the equation to a curve referred 

to rectangular co-ordinates ; show that the equation between 
polar co-ordinates is r=atan0, and that the equation be- 
tween the radius vector and the perpendicular from the pole 

upon the tangent is jp= / ^ 2 1^^^ ' show also how the 

branches of the curve are situated with regard to the plane 

of reference. 

d 
(29.) K 0= > show that a line drawn parallel to the 

prime radius or axis, at the distance a above it, is an 
asymptote to the curve, that, when 6 is -}-, the curve has 
an interior asymptotic circle, and when 6 is —, it has an 
exterior asymptotic circle. Trace the curve, and show that 
the rectilinear asymptote is a tangent to the asymptotic 
circle. 

(30.) The equation to the Goflrdioid is r=a (l-h cos 6) ; 
trace the curve. 
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(31.) If r=a- r—r/f ttace the curve, and show that 

there is an asymptotic circle, radius = a, and that the curve, 
coming from infinity, continually approaches the convex 
circumference of the asymptotic circle on one side of the 
diameter, and the concave circumference on the other side 
of the diameter. 

(32.) The equation to a curve being -= A/ -^ ^» 

show that it has asymptotes, at right-angles to the axis of x, 

at points denoted by ir= -}-a, d?= — a, and other asymptotes 

. cutting the axis of x at 45°, and 135°, respectively ; that 

there are minimum ordinates when a?= ±.a\/ \/2 + 1. De- 
termine the value oi these ordinates, and show the position 
and direction of the branches of this curve. 

(33.) y=a±(adP— a^)*; determine the nature and posi- 
tion of the singular point. 

(34.) a^^-l-a^j^— a^=0 is the equation to a curve ; show 
that its asymptote coincides with the axis of x, and that 
there are points of inflexion above that axis at distances 

/2 /2 

equal to +a A/ «> and —a A/ ^ from it, and at dis- 
tances equal + -p= and y=. from the origin of co-ordi- 
nates. 

(35.) K afi'—t/^:=a^; show that the curve cuts the axis 
of X at right-angles, at the distance a from the origin, that 
at each of these points there is an inflexion, the part of the 
curve between them being concave to the axis, the part to 
the left of the origin being convex, and the part to the right 
of the point denoted by a?=a, concave. 
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(36.) If (a?— a)*=(y— 0?)*; show that the oommon tangent 
to the two branches of the curve is inclined to the axis of x 
at an angle of 45^, that the curve cannot extend to the left 
of the point denoted by arsa, and that, at the distance a 
above that point, there is a cusp of the first species. 

(37.) If y= a/ — 7 — be the equation to a curve j 

show that there is a point of inflexion at the distance --r 
above the origin, and another in the axis of a?, at the dis- 
tance — from the origin, 
a* 

X 

(38.) y=csin- is the equation to the curve of sines; 

show that, at all the intersections of this curve with the 
axis of ^, there are points of contrary flexure. 

(39.) y^=za^'\-xv2a^'—a? being the equation to a curve ; 
show that its branches intersect the axis of x at angles 

=tan~i±— 7=and tan~i±A/2, that there are four double 

points in the axes of co-ordinates, at the distance a from the 
origin, and that the branches form two intersecting ovals. 

(40.) K r^=a'sin2d ; show that there is an oval in each 
of the first and third quadrants, and that no curve exists in 
either the second or fourth quadrants. 

(41.) K the equation to a curve be ^+y2_2 \/a^=sO j 
show that the axes are tangents, that /?=0 and oo, and 
that the origin is a double point. 

(42.) K tan36= — -> and tanO=-^ define a curve; 
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show that it has a TnaYimiiTn ordinate at the point denoted 

by a:=a (1 — ~^) , and trace the curve. 

(43.) Trace the curve, whose equation is 2a^-|-3ay 
+2a^a^=a^+a^, and determine the different angles at which 
it cuts the axis of or. 

(44.) Transform the equation {a^x) y^:=a? from rectan- 
gular to polar co-ordinates, and trace the curve. 

(45.) Trace the curve, whose equation is ^—hy^^aoi^ 
=0, and determine whether it ha« a point of contrary 
flexure. 

(46.) Prove that, in the logarithmic spiral, the equation 
to which is r=a€i'"*, the tangent constantly makes the same 
angle with the radius vector- 

(47.) Trace the curve, whose equation is ^= > and 

ascertain the angles at which it cuts the axis of x, 

(48.) If the hour and minute hands of a watch were of 
equal length, and an elastic thread, so extensible as not to 
.impede their motions, were attached to the extremity of 
each index, the thread representing a straight line of va- 
riable length, from to the diameter of the dial-plate ^ 
determine the polar equation to the curve which would be 
described by the middle point of the thread, and trace that 
curve. 

(49.) If perpendiculars be drawn to the diameter of a 
circle, and from each of them a part be taken, measured 
from the diameter, equal to half the sine of twice the arc 
which it cuts off, the arc being measured frt>m the same ex- 
tremity of the diameter; show that the equation to the curve 

X 2 
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passiBg through the points thus determined is a lemniseatay 

whose equation is y=-\/a^^^, and trace the curve.. 
a 

(50.) Ify= ^ 1 +^; there is an isolated point, de- 
a* 

termine its position, and exhibit the fon]i of the curve. 

(51.) Ini»2ioga?--aj2y-j-y=0, show that the origin is a 
point d'arr^j and in y+ye~'— a?=0 a point saillant, the 
branch corresponding to the negative values of x starting at 
an angle whose tangent is 225^ 

(52.) Transform {x^-^-y^^^a^^ to an equation between 
polar co-ordinates, show that the pole is a quadruple point, 
and exhibit the form of the curve. 

(53.) Show that the curve, the equation to which is 
ay^=z{pc^af (x—h), has a singular point when ar=flr, a con- 
jugate point if 5 is greater than a, and a double point if a 
is greater than h, 

(54.) AOB is a semicircle whose diameter is AB-, draw an 

ordinate NO and a chord -4(7, then NP being taken in the 

ordinate, always equal to the difference between the chord 

and the corresponding abscissa, show that the locus of P is a 

parabola, and that there is a maximum ordinate when the 

abscissa and corresponding ordinate are equal 

ol^x 
{^^») Show that the curve, whbse equation is y = -r — -^ i 

has three points of inflexion j and that, when ;r= voS, the 
tangent is parallel to the axis of x. 

(56.) If r=ae*; show that there are points of contrary 

flexure when r=0, and r^a (— n^— n)^; and that this equa- 
tion comprehends those of the spiral of Arehimedes, the 
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lituus, the hyperbolic or redprocal spiral, and an infinite 
number of spirals. 

(57.) Show how the trisectrix, the equation to which is^ 
r^=za (2cosd^l), may be used to trisect an arc or angle; and 
explain the diffiarence between the generation of this curve 
and that of the cardioid. 

{5^.) Prove that the angle at which the logarithmic or 
equiangular spiral, whose equation is r^a^, cuts the radius, 
is constant, and that the radii which include equal angles 
are proportional 

(59.) If a?=a(0 — «sin0), and y = a(l— 6cos0) define 
the trochoid] show that, at a point of contrary flexure^ 

(60.) A circle, which continues constantly in the same 
plane, rolls, like a carriage wheel, along a fixed horizontal 
line ; the curve described by a point in the circumference is 

the cydoid. Find the equations -r- = (-^ j , and 

(61.) Ascertain the loci of the transcendental equations 

(1) yrrrir^ + COSa?'/— 1, 

(2) y = a?2±Vl-asec2a?. 

(62.) Show that, in curves referred to polar co-ordinates, 

ds r^ 
8 being the length of the spiral, -rj:^— Investigate the 

equation between r and 6 when p2= 9 and between 

p and r when r=:asinnd. 

(63.) If a, and b^ be two conjugate diameters of an ellipse, 
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(b the angle they make with each other, and — = — I — rs-^-Ti 

the polar equation to the ellipse referred to the centre; 
prove that a?-^b?z=za^+h^, and a,5,=a6co8ec0, 

(64.) Trace the curve, whose equation is ay^z=a^^ha^, 
and determine the number and nature of its singular points. 

(65.) Let BAC be a parabola, A the vertex, and BC the 
latus rectiun ; in BG take M and iV equidistant from B and C, 
draw MD and I^JE perpendicular to BC, to meet the curve 
in D and ^, draw GD cutting ^E in P. Determine the 
equation to the locus of P, and trace the curve. 

(66.) A straight line DAE, at right-angles to the disr 
meter ACB of a circle, moves, parallel to DAE, along the 
diameter, whilst a line which at first lies on the radius OA, 
revolves with a uniform angular motion about 0, intersecting 
the other moving^ line in P ; show that the equation to the 

curve traced out by P is y=(a— ir)-tan— ; that the curve, 

which is the quadratrix of Dinpstratus, has an infinite 
number of infinite branches intersecting the axis of ce, and 
that the moving parallel is an asymptote to two infinite 
branchea Show also that, if this curve could be geometri- 
cally described, the ratio of the diameter of a circle to its 
circumference would be determined. 

(67.) A globe, whose radius is a—h, vibrates in a hollow 
hemisphere, whose radius is a, in such a manner that a great 
circle of the globe coincides with a great circle of the hemi- 
sphere ; determine the curve traced out by the highest point 
on the globe in one revolution, and exhibit the polar equar 
tion. 
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CHAPTER XY. 

CUBVATURB OF CUBVED LINES. RADIUS OP CURVATURK 
EVOLUTES. 

Rectcmguianr Co-ordinates, 
If the equation to tihe osculating circle, or circle of curva- 
ture, be -ff2=(d?--a)2+(y— /3)2j and if jp be put for -^> and 

q for —^i R being considered positim wben the curve is 

concave to the axis of x, and negative when the curve is 
convex; then 

^=.(L±^*, y^/3=^l±f!, .-a=i±^.^. 

a and /3, being the co-ordinates of the centre of the radius of 
curvature, are the co-ordinates of the evolute of the curve. 
If tt=0 be the equation to the curve, 

(fliM\2 d^u du du d^u fdu\^ d^u 
dy/ da^ dx dy dxdy \dxf dy^ 

^ WWI 

The middle term of the numerator in this expression 
vanishes when the value of u is the sum of two parts, one 
involving x and the other y. 

The distance £ix)m a point in the curve to the intersection 
of two consecutive normals is the radius of curvature at that 
point. 

The noimal to the curve is the tangent to the evolute. 
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Fda/r dy-ordiruxtea. 

If if be the radius of curvature as l)efore, r the radius 
vector, Q the angle traced out by r, and p the perpendicular 
upon the tangent, 

^ dr \ ^de^l 

^ dQ^ d^ 

dr ^ ^d¥'^^) 
The semi-chord=» -7-= 7-5 ;7^- 

"^^ d(P "^difi 
To find the equation to the evolute to a spiral ; r and/? 
being taken as co-ordinates of the involute, r, and /?, as cor- 
responding co-ordinates of the evolute, we must eliminate 
JR, r and p from the four equations 

Ex. (1.) To determine the radius of curvature at any 

point in the common parabola. 

%f^=iAimXy the equation to the curve, 

• 
^ dy . ^ dy ^m 

^d'^y _ 2m dy ^ 2m 2m__ 4m2 

^"^ da^" y^ dx~ y^ y "" y* ' 

- « , ^nfi 4m2-j-y2 4w2+4ma? 

" q y^ '4m2 m\ 

Since this expression for the radius of curvature diminishes 
as X diminishes, R is least when a?s=0, and then jS=2m 
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= half the latus rectum ; hence in the parabola the point of 
greatest curvature is the vertex. 

(2.) The equation to the rectangular hyperbola^ referred 
to its asymptotes is xy'=.ni? ; find the radius of curvature. 



w 



2 



dy ^ ' dy m? 

dx ^ dx X . ^ x^ 

__d^y 2m^x^2m^ 

- . „ - w^ x^ + m"^ x^ + x^y^ n^-Vy^ 

q ' a^ 2m^ 2m^ 

(3.) If the equation to a circle be aP^a{x^y)+y^=zO ; 
find the radius of curvature. 

y^-\-ay=aX''X^y {2y+a)-£=a-2x, 

^ {a+2yf (a+2i^)2 

2{(a+2j^)2+(a-2«)2} 



Now J?=- (1 +P^* ^ {{a+2yf+(a-2xy)i 

2 2 2*' 

(4.) Fmd tlie radius of curvature to the hyperbola^ and 
determine the equation to its evolute. 
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y2=:_ ^/|^__flf2^^ the equation to the curve, 

Jy l^x , dy V^x . „ .54^ 

"^ dx a^ ^ dx a^y ^ a^y^ 

Hence J?=- (1 +/'^* ^ («'^+^^-«*)^ (^-^')* 
^ a^ {x^—o^ ah 

=^ : — ^=radius of curvature. 

dO 

To find the equation to the evolute, 

^ ^-^ q " g?(aJ8-a2) ' ab 

_ {gg;gg+g2(gg-l)^-g^}(;g2-,g2)^ 
"■ g«^ 

_ (g2ggj^^-g^)(^--g2)^ ^ (^;rg~g2) (ar^~gg)* 
"~ g*6 (»6 

~ ab "• i" ' 
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■■ ^ (««)*' 62 '(air)*' 

B«t?;-^=-l, :M- 4-^-1. 

... (6/3)#-(aa)#=-(a6)*=-(a?e2)l=-(a?+fc2)f. 

/. (oa)*— (ftj3)*=(a?-f *^)* the e^piati<m to the evolute. 

(5.) Show that^ in the catenaxy, the radius is equal but 

opposite to the normaL 

a * -? 
y=-(««+« «), the equation to the curve, 

1+;,2^1 + = _ =(—2-) =^- 

_rfV_2 c?y_2y 

flr a^ \ 2v/ a 
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But the normal ir=y /y/l+^==y v^l+p=y.|==+^. 

Hence the radius of curvature is equal but opposite to the 
normal. 

(6.) Determine the radius of curvature and the evolute 
of the cycloid. 

Let AN=x, iVT=y, Ci>=2a. 

y xA- 'v2av — v^ « . 1 

-=versin — ■ — —y the equation to the curve. 

a a 



dx '/y 




^ ^ ^, ^ _d^y ^ a 

Hence i^=^ (1±^L(?^)'.^=2 V^. • 

Now CF^=zCJS^+JSF^=zCJE^'^CI!'I!D=:y^ + y{2a-y), 
/. CF= y/2ay, .*. J?= 2 CiP= radius of curvature. 

To find the equation to the evolute, 

^ ^ q y « 
a!^a=^-p(y-(i)= ^^.2y=^2y/2ay-y^ 

.-. a=aj+2v^2ay — y2. 

Substituting these values of a and /3 for the co-ordinates 

in the equation to the curve, we have 

/3 . a-^V^2a(i^fi^ ... 

— i-=versm ■ \^) 

a a 
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Taking GA{=-CDy and Afi^y parallel to AB, as the axis of 
the absdssse, and substituting l3,—2a for /3, and ira— a, for a, 
ira being equal to AC; the origin will be transferred to -4j, 
and equation (1) will become 

2 — — = versin { tt : 1 > 

a \ a / 

:. — =versm-l- — ^--> V 2— ver8il=vers(7r— ^). 

a a ^ ^ 

And V -4,i\r,=a„ and ir,P,=/J,, this equation to the evo- 
lute is the equation to another cycloid originating at -4,, and 
whose generating circle is equal to that of the given cycloid, 
but moves in an opposite direction. 

(7.) Show that, in the common parabola, the chord of 
curvature through the focus is equal to four times the focal 
distance ; and find the length of the evolute in terms of 
the focal distance and the distance between the focus and 
vertex. 

Let the focal distance SP=r, the per- 
pendicular from the focus upon the t^ 
tangent, S7=pj and DS=z2SA=z2a=zc. 

Then, by a property of the parabola, SY^=SF*SA, 

o cr ex <^P c dr ip 

or ^=-, .•.2/»^=5. ^=f, 

Chord =2p.%=^=t%=ir=i.SP. 
4p c c 2 

Again, ^=4aa!, the equation to the curve, 

. dy_2a . ^_^«* 

..-7-= — 9 ..«^=--^> 

1 + »2==1 +— ==if^±^==lf^t^. 
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" q f '4^2 a* /S'^* ' 

Hence, length of evolute *=i?— c= _ — 2>S'il 

The form of the evolute, which is a semi-Ksubical parabola^ 
is represented in the figure, by the Hnes ««?, et?,. 

(8.) Find the value of the radius vector in the spiral of 
Archimedes, when the radius of curvature equals the chord 
of curvature. 

r=ad, the equation to the curve, 

dr ^ j^dr r'/r^^tP^ 

T-=a, But -7-= =^' 

dd de p 

wr(2r'-/»^-_;,(r'+«^, r^-^^g^^-^- 

fi fA fit 

But -g=r2+a2, •••/'*=:3T:3' P= 



Hence S=r—=^ '- -j — = o/^^ ., «/ 



XVOLUTES. 137 



Now, cW=2;,^=2^./g+^=.^Jt4 



"2(^2 + 2a2)* 



■('"-7^) 



And, comparing tliis value of the chord with the value 
of the radius of curvature, already determined, it appears 
that radius = chord if {r^-^-aJ^i^^r (r^+a^), or 

(r2+a2)*=2r, r2+a2=4r», 3r2=a2, /. r=-^- 

(9.) To find the radius of curvature in the semi-cubical 
parabola. 

y2=-_ — , the equation to the curve, 

_ dy 2aP dy o? 

dui a ^ dx ay 

■^^"" "^a2^2- ^2^2 - 3^2^ • 

__d^y^2axy — aa!^'P^ ay 

_ 2g;gy2_j4 ^ 3 _ 4a?^ — 3a?^ _ a?^ 

"" ay "" ^2^ 3^2^ ""3a2y>* 

Now j?=-(l±^=- (2fflH:|f^)l?^ 

(2a+3^)M 3aY _ (2g+3ar)}^^ 

"" 3*a8^ a?4 " 3*a 

K 2 
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(10.) Find the radius of curvature and chord of curvature 
in the cardioid. 

r=a (1 + cos ft), the equation to the curve, 



dr 
dd 



= — asinO, 




But V acos0=r— a, a^cos^^ssr^— 2ar+a^, 



r*- 






Hence 



p2 p 



="2 -r2=a2-.(^-.2ar+a2), 



r2 



dp ^/2ar 



dr__ 2x2ar _2/^ — 
"" dp S^/iar^S 



aoH=v|=vi3-3^.-,^,,-3 



9 i^ 2— 9-i^ il— 1 



(11.) If i? and i?, respectively represent the radii of cur- 
vature of an ellipse at the extremities of two conjugate dia- 

meters ; show that -^+^,f = a/ -j+ a/ -^. 

Let Pp, Qq be two diameters, then if the 
tangent at ^ be parallel to Pp, or if the tan- 
gent at P be parallel to Qq, they will be con- 
jugate diameters. 

(1) 2 logp^zlogaH^'-log (a2+ 52-^2), 
2 dp_ 2r 1 dp_ 




p dr'^a^'k-h^^f^ 



r dr^a^'\-b'^-t^ 
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dp p ' m 

_ (a2 + ft2-r»)* 
~ ah 

Hence J^^EiJJ^^tZpir^. 

But since, in an ellipse, the sum of the squares of any two 
conjugate diameters is equal to the sum of the squares of the 
major and minor axes, therefore (2a)2-|.(26)2=:(2r)2 + (2r.)2, 
or«2-|-&2=r2+^,^, 

The form of the evolute of an ellipse is represented in the 
figure. 

(12.) Find the equation to the evolute of the logarithmic 
curve. 

y=zae"j the equation to the curve, 
'^ ax a a ^ dor a dx a a c? 



■+i-=i+^="-^ 



a^ a^ 



Now ^-^=-l±£!=_f!^^^f!=_f!±£^ 



2 fi J^^ ^ 



-Sg" . _|8±^-8a2)* 



r- oy+7i = 16 ' •'• y= 
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y..da_ dy_ y dcL 

df5 dx a ^ d(i 

da /3±(/32-8a2)* . , 

.*. —a -r^= i!--j ^ IS the equation to the evolute. 

dp 4 

(13.) If 2> be the point of intersection of the directrix and 

axis of the common parabola, and PiT, QM 



^ 



^M 



be ordinates of corresponding points in the pa- 
rabola and its evolute; show that DMr^ZDN, ' 

The evolute of the common parabola is the 
semicubical parabola. 

The normal to the curve is the tangent to the evolute. 
y^^s^^ao!, the equation to the common parabola, 

4 
/32=— -(a— 2a)^, semicubical parabola, 

y, — y = — — (ar, —a?), equation to the normal, 

Let y=0,- then x,=:a+2a, the part cut off from the axis 
of ic by the normal to the curve. 

Again 21og/3=log^+31og(«-2«), 2|i=3.^. 

;. a— i3-T3= — 5 — > the part cut off from the axis of a? by 
the tangent to the evolute. 

Hence ar+2a= — 5 — > 3a?+6a=a+4a, 

.-. 3a?=a— 2a. 
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But DN'=^a^Xy x—BN-^a, 3a?=32>ir— 3«, 

:. 2>if-3a=3Z>iyr-3a, .\ i>if=32>ir. 

(14.) In an ellipse, e being tlie eccentricity, determine 
the radius of cuirature in terms of the angle made by the 
normal with the major axi& 



Normal P6?=y 



V'-»- 



Sin P(?iV=am^=^=-iU, 



.*. 8m^= 





-/l+p* 



Now y=- Va'—x^, the equation to the ellipse, 
"^ da a ^oi^^g^ 

5a 



(1) 



Hence ^=._(1±^U^.^*. 

^ ba 

1 c^—x^ 

Now Mn''»= YTP^ a' - «»«!» ' «'8in>-«2a:%in2^=a2-a?», 






1 — Ain^^ 1 — 6%in2^ 
and, substituting this value of a^—^a? in equation (1), 
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"■(1 -e2)* . (1 -6%in20)*"(l - Am2^)« ' 
(15.) An inextensible cord AB is attached to a stone 
at Bf and a person holding the other extremity of the cord, 
moves with it at right-angles to AB uniformly along the 
straight line AC ; it is required to determine the equation 
to the curve described by the stone, and to find its evolute. 
Let the person be supposed to move in the direction AC 
until he arrives at any point T, while the 
stone moves along the curve BF ; the cord 
will then be in the position PT, and since up 
to this moment the stone has never been so 
near to the line ^i 6^ as it now is, the line FT produced 
would not cut the curve BF ; hence FT, or the cord in any 
position, is a tangent to the curve. 

JjetAJ!^=x, ^P=y, AB:=:a; then 

Subtangentir^=y^» and NT^^FT^-NF^ or 
ay 

y^ i-r-j =a^— y2, .*. y ;5r= ± v^a^— y^, the equation 

required. 

Hence the curve is the tractory," and -4 C' is its directrix. 

a form in which it is frequently given. 

(dx\^ 1 a2 
To determine the evolute : (-7-) =-^=— 5- —1, 




1+;^= 



2=. 



'a'-f 
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l+»2 <i2 ^2 

^ y y 

— = ~ > a— a= — (y — /3)-/= Vo^Zp 



a=a3— V a^--y2^ 



<fa 



(^a; a^— y2 



„ dp dfi dx a2 a2-«2 v^o^Zp 
Hence — = — • — = , = 

.rziz 

_ V ^ /32 _ o\/^^::72 _ v^Tj^hj^ 

the equation to the evolute. Hence the evolute to the 
tractrix is the catenary. 

(16.) The equation to a circle hemg y=(a^—ot?)^ ; prove 
that the radius of curvature equals a. 

(17.) -j+^=l being the equation to the ellipse; show 

that the radius of curvature is ^ = — —> where the eccen- 

ab 

tncity e= • 

a? 
(18.) In the cubical parabola, whose equation is y=— ^ j 

show that the radius of curvature is — ^ j^ ^ • 

(19.) Prove that in the circle, parabola, ellipse, and hy- 
perbola, or in any plane curve whose equation is of the 
second degree, the radius of curvature varies as the cube of 
the normal. 
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(20.) The equation to the rectangular hyperbola is 
^2 _ /jj? ^ ^ — Q . ghow that the radius of curvature is 

' ^ — ^9 and that ihe equaiicm to its evolute is 

af-/3»=(2a)*. 

(21.) Determine the radius of curvature to the curve 

called the tractrix, the equation being y=-T- v c^— y2^ 



jj^£^=£l*. 



(22.) The polar equation to the lemniscata of Bemouilli 
is f^=za^coa2 6 ; show that the radius of curvature is ^r-« 

(23.) Prove that the length of the arc of the evolute in- 
tercepted between two radii of curvature is equal to the 
difference between the lengths of those radii. 

(24.) Show that in the common parabola, whose equation 
is t^^=^€U3c, the radius ot curvature is greatest at the vertex, 
that the radius of curvature at that point is half the latus 
rectum, and determine the equation to the evolute. 

(25.) If ^ be the normal and M the radius of curvature 
to a point in the ellipse ; prove that N^a^-\-JRb*=zO. 

(26.) r=— ^ being the equation to the lituus ; £&ow that 

the radius of curvature is ^ .>. . -^ — ^* 
2a''(4a* — r*) 

(27.) If r=fifi), fififcd an expreasion for the radius of cur- 
vature, that is, prove that 



^ dr V ^d^l 



(^+£^^* 
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(28.) The equation to the logarithmic or equiangular spiral, 
referred to p and r, mp=mr ; show that the radius of cur- 
vature is ^9 and that to this spiral the evolute is a similar 
spiral 

(29.) ^+72 = 1 being the equation to the ellipse j show 

that the equation to its evolute is (aa)#-f (ij3)'=(a2— ^2ji, 
and exhibit its form and position with respect to the centre 
of the ellipse. 

(30.) In the hyperbola, the focus being considered ajs the 
pole, the length of the perpendicular on the tangent is 

r : show that the chord of curvature throujrh the 

(2a+r)* ^ 

. . 2r(2 fl? + r) 

focus is ^— : ^• 

a 

(31.) The equation between p and r in the epicycloid 
is (c^— a^^=c^(r*— a^; prove that the radius of curvature 

iglv^(c2-a2)(r2-a2). 
c 

(32.) The equation to the involute of the circle is 
a0-f-asec"^ f~J=(r2--a2)*; prove that its radius of curva- 
ture is p, and that its evolute is a circle whose centre is the 
origin, and radius a. 

(33.) The equation to the hypocycloid is ir*-fyt=a*; 
show that the equation to its evolute is 

(a+/3)*+(a-/3)»=2a». 

(34.) Referring to example 22, and letting R and E^ re- 
spectively represent the radii of curvature at the extremitieSi 
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of the major and minor axes of an ellipse, prove that the 

length of the evolute is 4 (-r 1 • 

(35.) M being the radius of curvature, and s the length of 
an arc of a plane curve ; show that Ess db . .g ' 

(36.) Considering the earth to be an oblate spheroid, or 
ellipsoid, 2 a its equatorial and 2 ^ its polar diameter, m and m, 
respectively the lengths of an arc of 1° of a meridian in 
two given latitudes X and X,, and considering these lengths 
to coincide with the osculating circles through their middle 
points ; show, by reference to Ex. 14, that the 
equatorial diameter : polar diameter 
:: {m^sin^X— Wj^sin^X,}^ : {m.'cos^X,— m^cos^X}*. 

(37.) Show how the result of the last example would be 
modified if one of the arcs of the meridian were measured 
at the equator. 

(38.) Let AP be a parabola, F any point in the curve, 
draw the tangent FT, and the normal FG ; through T, the 
point in which the tangent intersects the axis of abscissae, 
draw TQ at right-angles to that axis, produce FG to meet 
TQ in Q ; prove that the radius of curvature at P is equal 
to GQ, and show the centre of the osculating circle. 

(39.) The equation to a curve being aj— sec2y=0 ; show 

that - = 2a:(aj2— l)i and that the radius of curvature 

P 
. (2a?2-l)2 

4a; 

(40.) K, in the common parabola, a point, determined 

by 07=3 a> be taken ; show that the part of the radius of 

curvature below the axis of a; is 12 a. 
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(41.) If ds represent tlie small arc between two points 
{x, y), {x+dx, y-hdf/), in a curve, and JR tlie radius of cur- 
vature, investigate a general expression for that radius, 
whatever be the independent variable ; that is, prove that 

dg^ 

i?=-=5 — ; ,» ^ 9 and thence deduce expressions for E 

d^xdy — d^ydx 

when x, y and % be severallj taken as the independent 

variable. 

(42.) Show that, if an inextensible thread were applied 
to the evolute of a curve, and were to be graduallj unwound, 
a fixed point in the thread would describe the involute or 
original curve. 

(43.) Prove that the tangent to the evolute is the normal 
to the involute. 

(44.) Prove that, when the radius of curvature is either 
a maximum or a minimum, the contact is of the third order. 



CHAPTER XVI. 

EtrVELOPES TO LINES AND SURFACES. 

Considering the evolute to a curve to be generated bj the 
ultimate intersections of consecutive normals, the evolute is 
their envelope. 

^ f{^> y> a)=0 be the equation to a system of known 
curves, intersecting each other in points determined by x 
and y remaining constant whilst the variable parameter a 
undergoes an infinitely small variation so as to becoitie dec, 
the problem of finding the equation to the envelope resolves 
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itself into that of finding an equation involving x, y and 
constant quantities only^ cl being eliminated between the 
equations/(a^ y^ a)=0, and/(a^ y, a4-rfa)=:0. 

If there are several equations of condition involving the 
parameter^ it is expedient to have recourse to the method of 
indeterminate multipliers, as in example 2. 

This method of finding envelopes may be applied to the 
determining of the equation to the evolute of a curve. 

Ex. (1.) A series of equal ellipses are so placed that their 
axes are in the same straight lines, the eUipticities alone 
being variable ; find the equation to the curve which will 
touch all the ellipses. 

Let the constant rectangle a5=:m^, 

—+^=1, the equation to the ellipse. 

Here, a and h being variable, we must consider a^ y and ta 
constant, and differentiate with respect to a and h. 

aP'2a y^'2b db ^ ^^_^ ^db_^^ 

a^ b^ 'da ' l^'da"^ a«' ''da" a^' 

db ^ ^ db b 

da da a 

b^a^ b aP y^ 



~a2 ~ 






:. 2a^=ai=m^, the equation to a rectangular hyp^^la 
referred to its asymptotes. 

(2.) A straight line, whose length is I, slides down be- 
tween two rectangular axes x and y ; find the equation to 
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the envelope of the line in all its positions^ that is to the 
curve to which the line is always a tangent. 

Let a and h be the variable intercepts of the line on the 
axes, then 






the eqTiAidon to the line, 

«^+62=P. Euc. b. i p. 47. 

Now, a and h being Tanable, yre mnst differentiate contd- 
dering x, y and I constant. 

X 









(1) 
(2) 



Multiply (2) by the indeterminate multiplier X. 
\ada + \hdh = 0. Add equation (1). 

(J+Xa)(^a+(^+X5)i6=0. 



Assume -^+Xa=0, 



and ^4.Xft=0, 



then 



-+Xa»=0 
a 

f +X5^=0 


• .•.^+|+X(a2+6»)=0, or 


XP, .-. X: 


1 . (B a y * 



Hence a^+^^==^'^i the equation to the locus of the ulti- 
mate intersections of the line. 

(3.) To determine the carve whose tangent cuts off from 
the axes a constant area. 

o 2 
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First, if the axes be rectangular, let a and h be the vari- 
able parts cat o£^ and m^=the constant area. 

X y 

— h^=l, the equation to the line, . . (1) 

~=m2, the area. .... (2) 

Now, differentiating with respect to the variables a and h, 
oonsideiing x, y and m constant, we have from (1) 

-2 4-^-:t-=0, .•• ;t-= j-9 and from (2) 

a^ b^ da da ay ^ ' 

2w2 ^ dh_ 2w^ 

"* a " da^ (fi 

_ }^x 2m^ ,„ 2w»V ^ \/2.mVy 

Hence -«-= — tt' **= ^» ^= 7= — ^ • 

ay a^ X V^ 



a 



=::::i=2m2 



^/x v2w Va 



5 v^'W v^ Vy 



•• — I — =aJ»— TEi: T=: + y«— r= 7^ ^sH r== 1, 

a b v2mvx v2m^y mv2 m v 2 

2 

V Is 2 

the equation to a rectangular hyperbola^ whose as3rmptotes 
are the axes of x and y. 

Secondly, if the axes be oblique, let them be inclined at 
any angle a, a and b being the parts cut ofi^ and m^ the 
area; then 

a^sina « , 2m^ 1 db 2m^ 1 

=111'', 0=-: — •-> 3- = : — — yj 

2 sma a oa sma a' 

Also -7-= 5— as in the first case. 

da a^ 



Hence "L^^^^l^, ^,2==J!!2JL, 6=. 

o^ a%ma a;sma viv sina 

a= =— = — — = ^ — - 

^sina v2mvyvsina vyvsina 



:, 35^=-—: — , the equation to a hyperbola whose asymp- 
totes are the oblique axes Ax, Ay, 





(4.) Determine the equation to the curve which touches 
all the curves included under the equation 

y=d7tan6— -jT J--9 the variable being 6. 

Differentiating with respect to B, considering a, y and h 
constant, 

^^ 1 SAd^cosdsind 1—^ ^^ 

iS^"* 16A2cos40 ' 2A"^^' 

tan6=?J, I4.tan^«=l+^=^^=sec2., 

4Acos20-'^' 4Ad:2 -a"^ 
Hence y=2A— jj — A=A— jt' tli© equation required. 
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I^ in thiB problem, lire consider h to vary as well as 6, 
and if some constant area 9n^=A^sui'9 cos0 ; then we have 

t^=a?tan0 >-''(l) and A= — ;—>••• (2) 

4Acos2d sm»ecos*e ^ 

0? dj^sin'd 

.% y=d?tanO T 5-p=4:tand r-* 

imcos^e 4wcosld 

sini 0008^0 
;. y=:a?tan9— - — tant^. 

Differentiating with respect to 0, considering x, y and m 
constant, 

Orrarsec^e- -tan*e.sec20, -5— tan*6=l, 

49» J 09» 

*^*^=-3^' *«^^=-9^' *^*^=-27^- 

Whence by sabstitntion in (1) we have 

_64wg ^ gl2m» _64mg 128m2 
^■" 9a? 4^' 27^ ■■ 9a? 27a? 

192m2-128m2 Um^ /4\» 



=(i) 



*y=U "* • 



27a? 27a? 

(5.) Two diameters of a circle intersect at right-angles ; 
find the locos of the intersections of the chords joining the 
extremities of the diameters^ while the diameters perform a 
complete revolution. 

Let AB^ -46 be two semi-diameters at right- 
angles, 2a the diameter of the circle, A the 
origin of co-ordinates, r=:AF the line joining | 
the origin and point of intersection of the 
chords. Then 

AF r .-,.„.._ 1 a 

AB a -/2 v^ 
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Now, this problem is the same as that of determining the 
curve to which the chord at its middle point shall be con- 
stantly a tangent ; and y = mx + r Vm^+T is the equation 
to a straight line, r being the perpendicular upon it from 
the origin. 

Differentiating this equation with respect to m, consider- 
ing a:, y, and r constant, 

vw^+l ^ * m^ or 

^ 1 r^ 1 r^ f^^ofi o ^ 






Hence j/= • 1 — =— = ^/r^^x^j 

a2 
ir^+y^— y.3— . , the equation to a circle, whose radius 

M 

is —^> and whose centre coincides with that of the original 

circle. 

(6.) If(a?-a)2-|-(y-^)2+^2-:^^ and a2 4.^2=^2; deter- 
mine the equation to the envelope of the system of spheres 
defined by these two equations. 

Differentiating with regard to a and h, considering x, y, z 
and c constant, we have. 
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Multiplying the last equation by the indeterminate multi- 
plier X, and adding, we haye 

.". Xa+a?— a=0, ...(1) X6+y— 5=0, ...(2); whence by 

, , X y 

eliminating X we have -=-' 

Again (1) Xa3-|-aa?-a?=0, (2) Xi2+5y_j2_o, 

/. X(a2+^+aip+6y-.(a?+^=0, 

.•.X=l-^, ...(3) va^+^=:A 

But a^+6y=^+i?^=(a2+5^i, . ?^=?. 

Hence X=lq: ^ "^^ • Subatitutuig in (1), (2), 

«±-(«»+y»)*= -(«-«), 5±-(«a+5rO*=-(y-J), 

9^2 A2 

=(a?-a)2+0^-5)2, or 

.'. a?'\-y^+s^±2c {a?+j^^^r^—<? is the equation to the 
envelope of the system of spheres. 

(7.) Two straight lines /x and v, of variable length, are 
drawn at right-angles to the axis of x, one of them v passing 



LINES AND SUBFACES. 155 

through the origin of co-ordinates : now if they vary in such 
a manner that the rectangle contained by them is a constant 
quantity equal to b^ ; determine the curve to which the 
straight line passing through their upper extremities is 
always a tangent. 

IjetAI)=zy, BG^zfjL, AB=z2a, AF=x, NPz=zy. Then 
BG'AD^Hv:=zh\ 
FN_SC _AD 
TN^TB^AT' ^^ 

y ^ t -_ 




AT -ir x^ AT -^"itar AT 
,\ 2f-AT=v'AT'^viv, and 2^>AT+2ay=ifi'AT+fjux:, 
{ff^v)AT^vx, {y^^)ATz=z^^2ay, 

AT^^^fL, AT^t!f^=^. 

_. vx ux—2ay a ux—^ay 
Hence =i- -> .. ^ ,0 =^ -^ or 

ixy—t^ y—V^ r- r ^ \ 

where /x alone is to be considered variable. 

Differentiating with respect to /*, we have 

ay „ d^y^ 

2iix=2ay, •"' Z'^'^' ^ ~^' 

a^y^ 2aV 
Hence, by substitution, — ^ = — ^ + ^ (a? — 2 a), 

X X 

a^=:l^{2aX'-aP), or 

y^=-^{2ax^x^)y the equation to an ellipse, referred to 
the vertex. 
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(8.) K a series of parabolas be mduded under the equa- 
tion f/^=a(a^a), a being the Yariable parameter; show 
that they will all be touched by the two straight lines de- 
termined by the equations y=-|--a?, y= — -ar, and draw 

these lines. 

(9.) Show how the method of determining envelopes may 
be applied to finding the evolute of a curve, and apply it to 
determine the evolute of the ellipse, whose equation, re- 

ferred to the centre, is -^+--^=1. 

Equation to evolute (aa)*-|-(6/3)*=(a2— ^2)1 
(10.) Prove that the curve which touches all the straight 

lines determined by the equation y=flw?H > where a is 

variable, is the common parabola. 

(11.) A system of ellipses, with coincident but variable 
axes, is subject to the condition that c^-^-ly^^w?, a and h 
being the major and minor axes; determine the curve which 
shall be the envelope of the system. 

(12.) If shot be discharged from a cannon with a con- 
stant velocity, but at various angles of elevation, they 
will describe the parabolas included under the equation 

a? 
y=.ax— (1 +a2) j-> a being the variable parameter. Show 

that the curve which will touch all these parabolas is itself 

a parabola whose equation is y^e— — • 

(13.) Considering the envelope to be formed by the inter- 
sections of straight lines ; show that the problem '' to deter- 
mine the equation to the envelope " is the inverse of the 
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problem " to determine the equation to a tangent to a 
curve." 

(14.) If j9, be a perpendicular of constant length from the 
origin upon the straight lines defined by y=ad?+/?, (a^-^ 1)*; 
show that the envelope of all these lines is a circle whose 
^radius is/?,. 

(15.) If a surface be produced by the continued intersec- 
tion of planes represented by the equation — j-^H — =1, 

doc 

where abe:=fn^ ; a, h, e being variable, and m* constant ; 
prove that the equation to the sur&ce is a!yz=^ l-^\ • 

(16.) A straight line, cutting from two straight lines 
which meet in any angle, two segments whose sum is a, is a 
tangent to a curve ; prove that that curve is a parabola^ and 
trace it. 

(17.) If on one side of a horizontal straight line AH an in- 
definite number of parabolas of equal area be described from 
a common point A, with their axes perpendicular to AJR, 
the equation to this system of parabolas is ay=2a*a*a?— d?^, 
where a is variable ; prove that the curve which will touch 
them all is an equilateral hyperbola whose equation is 

2* 
ayrr-jo?, AB and a perpendicular to it from A bdng its 

asymptotic axes. 
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CHAPTER XVII. 

MISCELLANEOUS EXERCISES. 

(1.) Prove the ordinary rules for differentiation. 

(2.) Explain the difference between explicit and implicit 
functions. 

(3.) Define and illustrate the terms " limit," " differen- 
tial," " differential coefficient." 

(4.) Explain the difference between algebraic and trans- 
cendental functions. 

(5.) Investigate the differentials of t£=:sin;r, u=ntaBd, 

(6.) Prove Taylor's Theorem, and from, it deduce Stirling's 
or Maclaurin's Theorem, and the Binondal Theorem of 
Newton. 

(7.) If y=:e*sinip; show, by means of the thearem of 

(8.) In what manner may the value of a fraction be 
determined when its nui^erator and denomii^or vanish 
simultaneously % 

(9.) If w=/(a?) ; show that t* is a maximuTn or mmimum 
when an odd number of differential coefficients beooming=0, 
the differential coefficient of the next succeeding order is 
negative or positive. 

(10.) Deduce the equation to a straight line, y=ma?-|-^, 
and show that the equation to a perpendicular to it is 

1 
^ m 



Leibnitz, that -r^= 2^ e* sin ( ^r + w -r I • 
d^ \ 4cJ 
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(11.) Show that the equation to a straight line^ which 
intersects the axis of ^ at a distance a from the origin of 
co-ordinates, and the axis of y at a distance b from that 

ongm, iB^+-=l. 

(12.) Show that the equation to a tangent to a curve, re- 
ferred to rectangular co-ordinates, is (y,— y)±:-|- (x^—ai). 

(13.) HAT and AD be the intercepts of the tangent on 

the axes of a? and y respectively ; prove that AT=:y- x, 

dy 

dy 
and AD^y — x-j-y and determine the equation to the 
dx 

normal. 

(14.) Determine the differential expression for the sub- 
tangent, subnormal, tangent, normal, perpendicular on tan- 
gent, and the tangent of the angle which the tangent makes 
with a line from the origin. 

(15.) If u=i/{x,y); prove that du=(J^^dx+(^\dy, 

and that -; = • 

dydx dxdy 

(16.) If M=/(y, z), where y, z, and consequently u, are 
functions of ^ ; show that du== l—j dy-^- (— ) dz, 

(17.) Determine the conditions upon which a function of 
two independent variables is a TnaTrimum or minimum. 

(18.) Determine the differential expression for the area of 
a plane curve, and if « be the length, and -t-=J» ; prove 
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(19.) If aS^ be the sux&ce and V the volume of a solid 
generated by the revolution of a curve round its axis ; show 

that^=xy2, and ^=2xy2(l+ji,2)*. 

(20.) K r and r, be the radu of the greater and smaller 
ends of the frustrum of a right cone, and a the slant height ; 
prove that the area of the firustrum is rra {r-\-r^» 

(21.) If r be the radius vector, p the perpendicular on 
the tangent, and 6 the angle swept out by the revolution of r 

round the pole S', show that "o'=**^+ (-7-) > where «=-; 



and that 



de_^ p 



dr r (r^ — jp^)* 

(22.) If in polar curves p be the length of the perpendi- 
cular upon the tangent ; find the value of j9 in the circle, 
parabola^ ellipse, and hyperbola. 

(23.) Define the rectilinear asymptote and the asymptotic 
circle. 

(24.) Define conjugate points, double points, cusps, and 
points of contrary flexure, and show that a curve is concave 

or convex to the axis according as y and -^ have the same 

or different signs. 

(25.) Prove that, in spirals, the curve is concave or convex 

dp 
towards the pole, according as -j- is positive or negative. 

dT 

(26.) If A be the area> and 8 the length of a plane curve ; 
prove "^ ' ^ ^ ^ * " . M ^ i^' 



that^=y, and^=^r2, -:=. A^ ^^(-^ 



, ds r 

and -;-= 7* 

dr (r2— ;?2)* 
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(27.) Prove that, in spirals, the subtangent = r^ — 
= — 5 -y and show how to draw the asymptote to a 



(28.) Explain what is meant hj the osculating circle; 
and show that the evolutes of all algebraic curves are recti- 
ficable. 

(29.) Explain the theory of the different orders of contact 
of plane curves ; point out the exceptions to the rule that 
every curve is cut by its circle of curvature, and show how 
these exceptions apply to the ellipse. 

(30.) Explain the difference between Taylor's and Mac- 
laurin's Theorems, and point out the drcimistances under 
which the former sometimes fails. 

(31.) Investigate Lagrange's* Theorem, and apply it to 
determine a general law for the inversion of series by means 
of the equation a!z=:ay-^hy^-{-€$^-{- dy^ + <kc. 

(32.) Apply Lagrange's Theorem to the determination 
of the four first terms of the development of y**', when 
5^=a+a?j/*; and find the general term in the expansion of 

^"* in a series of powers of cos 6, when ;f+-=2 cos0. 

w 

(33.) If «=-^ - [^■£ -y) 'iz^' ^ ^^^^ *^® ^^^ 



* If y^z+x^{y), and if w=/(y), /and being any functions what- 
ever, then 

p 2 
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pendent variable ; show that, when x becomes cos©, and Q is 
made the independent variable, ^—(77^+^) cosec^O, 

(34.) Explain exactly the mode in which the following 
curves are generated, construct them, and thence derive 
their equations : namely, the circle, parabola, ellipse, hyper- 
bola, cissoid of Diocles, conchoid of Nicomedes (superior and 
inferior), cycloid, epicycloid, lemniscata of Bemouilli, quadra- 
trix of Dinostratus, involute of the circle, catenary, tractory, 
elastic curve, witch of Agnesi, curve of sines, cardioid, tri- 
sectrix, logarithmic or equiangular spiral, spiral of Archi- 
medes, hyperbolic or reciprocal spiral, lituus, parabolic 
spiral 

(35.) Show what Hnd of curves are included under the 
equations y2=i^^-j-%;j.2^ r=asinn9, r=acosd-f^^ r^=^aQ'^f 
r=:a sinwO+ ^ sin«,6 +c sin w„0 -h &c. respectively. 
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